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Abstract

Many concepts from higher algebra—such as finitely presented, flat, and étale morphisms of E..-
rings—can be naturally generalized to the setting of ¢t-structured tensor triangulated co-categories (tti-
oo-categories).

Under a natural structural condition we call “projective rigidity”’, we establish analogues of Lazard’s
theorem, étale rigidity, and the universal property of the derived category. We show that projective
rigidity holds in many familiar examples, including the co-categories of spectra, filtered spectra, graded
spectra, genuine G-spectra for finite groups G, and Artin—Tate motivic spectra over a perfect field—all
equipped with their standard t-structures.
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Introduction

The flatness of a module over a connective E,.-ring can be characterized by the t-exactness of the tensor
product functor. This observation suggests that many concepts from higher algebra can be meaningfully gen-
eralized to the setting of t-structured tensor triangulated oo-categories (ttt-oco-categories), including (faith-
fully) flat morphisms, étale morphisms, and more. Similar ideas were developed in [KM25; BKK24; KKM22;
Rak20; Man23].



This paper makes heavy use of the theory of co-categories and related notions, as developed in Jacob Lurie’s
three big books [HTT; HA; SAG].

Warning 0.1. This document is a draft in progress and should be used at your own risk. Specifically, the
statements marked with “?7” are likely true, but I have not yet figured out a proof or disproof. Any thoughts
or ideas regarding these statements are welcome!

Convention 0.2. Throughout this paper, we fix a t-structured tensor triangulated oco-category (ttt-oo-
category) (A®, Aso,A<p). This consists of a presentably, stably, symmetric monoidal co-category A® €
CAlg(Prl) equipped with an accessible t-structure (Aso, A<q) that is compatible with the monoidal structure
in the following sense:

(1) The unit 1 € A>o;
(2) For any two connective objects X,Y € Asp, we have X @Y € A>o.

Convention 0.3. (1) Since a t-structure is determined by its connective part, we will simply denote a
ttt-oo-category by (A®, Aso) rather than (A®, Aso, A<).

(2) Some references refer to a presentably, stably, symmetric monoidal co-category as a “big” tt-oo-category.
However, we do not deal with small ones in this paper and we will omit the prefiz “big”; thus, when we
use the terms tt-oo-category or ttt-co-category, they are implicitly assumed to be big.

(3) We will often say A satisfies a property P if the full structure (A, Ao, A<o) satisfies property P. For
example, we will say A is right complete if its t-structure is right complete.
We list our main results as follows.
Theorem 0.4 (Proposition 4.12, Theorem 4.18, and Proposition 5.7). Assume that A is Grothendieck (see
Definition 1.14) and that A>g is projectively generated. Let R € Alg(Aso). Then the following hold:

(1) The inclusion LModg(A>q)P* — LModg(A>0)P™ of the full subcategory of compact projective R-
modules into that of all projective R-modules induces an equivalence

:Paol_l,Idem (LMOdR (.Azo)Cproj ) ~ LMOdR (.Azo)pmj 5

where the left-hand side is the relative cocompletion obtained by formally adding small coproducts and
idempotent completions while preserving existing finite coproducts. (See Theorem B.2 for the construc-
tion of the relative cocompletion.)

(2) (Lazard’s Theorem.) Ifﬂg’o is projectively rigid (see Definition 4.13), then the inclusion LModg(A>q)°Pro <

LModg(A)T! of compact projective R-modules into flat R-modules induces an equivalence
P (LMod g (As0)P™) ~ LModg(A)™,

where the left-hand side is the relative cocompletion obtained by formally adding small filtered colimits
and finite coproducts while preserving existing finite coproducts. Alternatively, flat R-modules can be
described as:

Ind(LMod g (A>()°P™) ~ LModp(A)/".

(3) The inclusion LModg(Asq)P™ < LModg(A>o)* of compact projective R-modules into almost
perfect R-modules induces an equivalence

P A" (LMod g (As0)P™) ~ LMod g (Aso)*P™,

where the left-hand side is the relative cocompletion obtained by formally adding geometric realizations
and finite coproducts while preserving existing finite coproducts. Alternatively, almost perfect R-modules
can be described as:

P4 (LMod g (A50)°P™Y) =~ LMod g (A>q)*Pe't.



Theorem 0.5 (Theorem 4.19). Assume that A is Grothendieck and A>¢ is projectively generated. Then the
following hold:

(1) For any discrete R € Alg(A%) there exists a (unique up to contractible choices) equivalence in Prie®

D(LMod, r(AY)) = LModg(A)
which induces the identity functor on the heart.

(2) Assume that the Ago is projectively rigid. Then for any discrete commutative algebra R € CAlg(AY)
there exists a (unique up to contractible choices) equivalence in CAlg(Prime)

D(Mod,r(A%))® = Modg(A)®

which induces the identity functor on the heart, where the symmetric monoidal structure on left-hand
side is induced by projective model with tensor product of chain complexes.

Since our examples only admit enough projectives but not enough frees, the Zariski topology should admit
a basis of “principle Cohn localizations”.

Theorem 0.6 (Theorem 4.22, Cohn localization). Assume that A is Grothendieck and Ago is projectively
rigid. Let R € CAlg(A>q), and let S be a set of morphisms between compact projective R-modules. Then there
exists a Cohn localization, a map R — R[S™!] in CAlg(Aso), satisfying the following universal property:
For any B € CAlg(A), the map

Mapcaiga)(RIS™'], B) = Mapgajga) (R, B),

induced by precomposition, is (—1)-truncated.

Furthermore, the image of the induced map on connected components consists of precisely those (homotopy
classes of ) maps R — B such that for each morphism f € S, the map BRg f is an equivalence of B-modules.

We also prove the following higher version of Nakayama’s Lemma. (See [HS24, §2] for some applications in
the context of almost Eq.-rings.)

Theorem 0.7 (Theorem 6.5, Nakayama’s Lemma). Assume that A is hypercomplete. Let A— Abea
nilpotent thickening in Alg(A>q). Then the base change functor A® ; (—), when restricted to modules that
are bounded below,

LMod ;(A)~ — LModa(A)~,

s conservative.

Theorem 0.8 (Theorem 6.19). Suppose A is Grothendieck and A@fo is projectively rigid. Let f: A — B be
a faithfully flat morphism in CAlg(A) such that moB is an N,-compact 7o A-module for some integer n > 0.
Then f is descendable.

We generalize the main result in [HS24] to our settings.

Theorem 0.9 (Theorem 6.22). Assume that A is Grothendieck and Asq is dualizable additive. Let R €
CAlg(Axo). Consider the full subcategory LQpr of CAlg(Axso)r, spanned by the maps ¢ : R — S for which

(1) the multiplication S ®r S — S is an equivalence, i.e. ¢ is idempotent,

(2) mo() : MR — oS is epimorphic in AY.

Then the functor
LQr — {ICmR|I°=1}, ¢+ Ker(mp)



is an equivalence of categories, where we again regard the target as a poset via the inclusion ordering. The
inverse image of some I C mo(R) can be described more directly as R/I™®, where

I® = lim JPR"
neNep

with J; — R the fibre of the canonical map R — H(mo(R)/I). Furthermore, this inverse system stabilises
onm; form>i+1.

The image of the fully faithful restriction functor Mod g/~ (A) — Modr(A) consists evactly of those modules
whose homotopy is killed by I, as desired.
We also proved the following version of étale rigidity.

Theorem 0.10 (Theorem 7.24, Etale rigidity). Assume that A is Grothendieck and left complete. Let
A € CAlg(A). Then:

(1) Suppose that A is connective. Let CAlg(A)ﬁ’/L_Et denote the full subcategory of CAlg(A)a, spanned by

the flat L-étale maps A — B. Then the functor my induces an equivalence

CAlg(A)}/ " = CAIg(AY) I

with (the nerve of ) the discrete flat L-étale commutative moA-algebras.

(2) Suppose that A2, is projectively rigid. Let CAIg(A)fo/ denote the full subcategory of CAlg(A) 4, spanned
by the étale maps A — B. Then the functor mg induces an equivalence

ot~ Oyet
CAlg(A)G, — CAlg(AY)7, 4,
with (the nerve of) the discrete étale commutative o A-algebras.

Theorem 0.11 (Theorem 8.11, Universal algebraic ttt-oo-category). The CAlggif’j)t admits a compact gen-

erator
Fun(Cob??, Sp20)®

where the symmetric monoidal structure is given by Day convolution and Coby denotes the 1-dimensional
framed cobordism (oo, 1)-category.

We list a collection of algebraic ttt-oo-categories here.

Example 0.12. Examples of algebraic ttt-oo-categories.

(1) The Fun(J°P,Sp)®, where J® is a small rigid symmetric monoidal co-category, like
the Fil(Sp)® = Fun(Z, Sp)® the oco-category of filtered spectra;
the Gr(Sp)® = Fun(Z%s°,Sp)® the co-category of graded spectra .

(2) the Sp(Px(J))®, where J® is a small rigid finite-coproduct cocompletely symmetric monoidal oo-
category, like Sp?iv = Sp(Px(Fing))® the genuine G-spectra over a finite group G.
As Proposition 8.8 indicates, actually every algebraic ttt-oo-category comes from this way.

(3) Universal example in CAlgg;g;t : the 1-dim cobordism Fun(Cobj?, Sp)®

(4) The Shy(€)® where € is an excellent co-site, see [Pst23]. For example the synthetic spectra Syn’s??
(need certain conditions on F)

(5) The oo-category Shv(X,Sp)® of sheaves on a stone space??
(6) The oo-category Shv(X,Sp)® of sheaves on an oo-topos of locally homotopy dim=077?

(7) The oo-category SH(k)2;” of connective Artin-Tate motivic spectra over a perfect field k, see [BHS20].



(8) Cyclotomic spectra and Cartier modules [AN21]7?
(9) [HP23|[HP24], equivariant [Barl7], motivic [Bac+22] [BHS20], Beilinson t, Ban, condensed, Liquid,
[Lurl5]

(10) Qcoh(X)>o, where X is an affine quotient stack, i.e. a stack of the form Spec(R)/G for a linearly
reductive group G acting on Spec(R), this works: the compact projective objects are generated under
taking retracts by pullbacks of G-representations and the dual is given by the pullback of the dual in
this case.

(11) Voevodsky’s category DM(k, Z[1/p]) (where p is characteristic of k or 1 if k is a Q-algebra), then there
is a Chow t-structure on it, generated by smooth projective varieties and their P'-desuspensions. The
mapping spectra between smooth projective varieties are connective, so they are compact projective
generators, and they are also dualizable within the retract closed-subcategory generated by it.
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1 Grothendieck prestable co-categories

1.1 Prestable oco-categories

Now we recall some basic relations between prestable co-categories and stable co-categories equipped with
t-structures. For a more complete exposition, we refer the reader to [SAG, Appendix C].

Definition 1.1 (See [SAG] C.1.2.2). A prestable co-category is an oco-category € satisfying the following
properties:

(1) The initial and final objects of € agree (that is, C is pointed).

(2) Every cofiber sequence in C is also a fiber sequence.

(3) Every map in C of the form f: X — X(Y) is the cofiber of its fiber.

Moreover, we say C is a Grothendieck prestable co-category if it further satisfies that it is presentable and
that filtered colimits and finite limits commute in €. We let Groth,, C Pr’ denote the full subcategory
whose objects are Grothendieck prestable co-categories.

Example 1.2.

(1) Any stable oo-category is prestable.



(2) Let € be a stable co-category equipped with a t-structure (Csg,Cgo). Then the full subcategory
C>0 C € is prestable.

Prestable oco-categories have a quite close relation to ¢-structured stable co-categories.

Proposition 1.3. Let C be an co-category. The following conditions are equivalent:

(1) The oco-category C is prestable and admits finite limits.

(2) The co-category € is pointed and admits finite colimits, and the canonical map p : € — SW(C) is fully
faithful. Moreover, the stable co-category SW(C) admits a t-structure (SW(C)so, SW(C)go) where
SW(C)>o is the essential image of p.

(3) There exists a stable co-category D equipped with a t-structure (Do, Do) and an equivalence of co-
categories C >~ Dx.

where SW(—) denotes the Spanier- Whitehead construction.

Proposition 1.4 (See [SAG] C.1.4.1). Let C be a presentable co-category. The following conditions are
equivalent:

The oo-category C is prestable and filtered colimits in C are left exact (see [HTT, Definition 7.3.4.2]).

b) The co-category C is prestable and the functor Q2 : € — C commutes with filtered colimits.

(a
(

The oo-category C is prestable and the functor Q% : Sp(C) — € commutes with filtered colimits.

(c

)
)
)
(d) There exists a presentable stable co-category D, a t-structure (Do, D<o) on D which is compatible
with filtered colimits, and an equivalence C ~ D>y.

(e) The suspension functor ¥4 : C — Sp(C€) is fully faithful and its essential image Sp(C)>¢ is the connec-
tive part of a t-structure on Sp(C) which is compatible with filtered colimits.

Definition 1.5. We say a presentable prestable co-category is Grothendieck if it satisfies above equivalent
conditions.

Theorem 1.6 (See [SAG] C.4.2.1). The full subcategory Groth, C Prly contains the unit object of Sp>o
and is closed under Lurie tensor products. Consequently, Groths, inherits a symmetric monoidal structure
for which the inclusion Grothy, — fPrﬁd is symmetric monoidal.

Definition 1.7 (See [SAG] C.3.1.3). Let € be a presentable stable co-category. We define a full subcategory
C>0 C € to be a core if it is closed under small colimits and extensions.

We will refer to Pr; as the co-category of cored stable co-categories. The objects of Pr; are pairs (€, Csy),
where € is a presentable stable co-category and C>o C € is a core. A morphism from (€, Cx¢) to (D, Dxo)
is given by a colimit-preserving functor f : € — D satisfying f (Cx0) C Dxo.

Remark 1.8.
(1) Warning: The C5 in this definition is not necessarily the connective part of an accessible t-structure

unless it is presentable. If C>¢ is presentable, then we call the pair (€, C5¢) a (big) t-structured stable
oo-category.

(2) In fact, we only care about the full subcategory Pri*** C Prl; spanned by those (big) t-structured
stable co-categories with right t-exact functors. However, the technical advantage of Prl; is that it
admits good colimits and limits [SAG, Remark C.3.1.7].

(3) In [SAG, Remark C.3.1.3], our Pr}; is denoted by Groth .



Definition 1.9. There is a natural symmetric monoidal structure on PrJ; given by the construction:
(G, 620) ® (D7 D;O) = (e X Dv m (6207 D)O))

where € ® D is the Lurie tensor product and my (Cxo, Do) is the smallest full subcategory of € ® D which
is closed under colimits and extensions and contains the objects m(C, D) for each C' € €5 and D € Dx.

Remark 1.10.
(1) The full subcategory Pré*®* C Prl; is closed under tensor products since m (g, Do) is presentable
if both €9 and Dy are presentable.
(2) An object in CAlg(Pr™) can be identified with a ttt-oo-category.

Proposition 1.11 (See [SAG| C.3.1.1). Let € and D be Grothendieck prestable co-categories. Then the
canonical map
6 : LFun(€, D) — LFun(Sp(€), Sp(D))

is a fully faithful embedding, whose essential image consists of those functors Sp(€) — Sp(D) which preserve
small colimits and are right t-exact (with respect to the canonical t-structure).

Proposition 1.12 (See [SAG] C.3.2.1). Let C and D be Grothendieck prestable oo-categories and let f :
C — D be a colimit-preserving functor. Then the following conditions are equivalent:

(1) The functor f is left exact.

(2) The functor f carries O-truncated objects of € to 0-truncated objects of D.

(3) The induced map F : Sp(C) — Sp(D) is left t-exact.
Corollary 1.13.

(1) The construction € — (Sp(C),Sp(C)xo) determines a fully faithful embedding
Grotha, < Prl

from the oco-category of Grothendieck prestable co-categories to the oco-category of cored stable oco-
categories.

(2) A pair (C,Cx) belongs to the essential image of Groths, < Prl if and only if it forms an accessible
t-structure (Cxg, C<o) which is compatible with filtered colimits and is right complete.

(3) Furthermore, the embedding Grothe, — Prl is symmetric monoidal, hence induces a fully faithful
embedding
CAlg(Groth,,) — CAlg(Prd).

Definition 1.14 (Grothendieck ¢-structured stable co-categories). We say a t-structured stable co-category
(C,C>p) € Pri"™ is Grothendieck if it lies in the essential image of the embedding Groth,, < Pri*®*, or
equivalently, if the ¢-structure on € is right complete and compatible with filtered colimits (see [SAG, Remark

C.3.1.5)).

Remark 1.15. By Proposition 3.7, we see that if (A®, A>¢) is Grothendieck, then for any R € CAlg(A>o),
the pair (Modg(A)®, Modg(A)>o) € CAlg(Prh) is also Grothendieck.

Definition 1.16 (See [SAG] C.1.2.12). Let € be a prestable oco-category which admits finite limits. We say
that an object X € C is oo-connective if 7, X ~ 0 for every integer n.

We say C is separated if every oo-connective object of C is a zero object.

We say C is complete if it is a homotopy limit of the tower of co-categories:

T<1 7<0
e — nge — T@G — Tgoe = GO.

In other words, € is complete if it is Postnikov complete.



Remark 1.17.

(1) If a prestable oo-category € is complete, then it is separated.
(2) Let C be a stable oco-category. Then € is separated if and only if C ~ .
Proposition 1.18. Let C be a Grothendieck prestable co-category. Then:

(1) The canonical t-structure (Sp(C)>o, Sp(C) <o) is hypercomplete if and only if C is separated.

(2) The canonical t-structure (Sp(C)>o, Sp(C)<o) is left complete if and only if € is complete.
Proof. (1) The "only if" direction is obvious. Now assume that C is separated and that X € Sp(C) satisfies
T7<;X = 0 for every integer i. We need to show that X = 0. Since Sp(C) is right complete, we have

X ~lim7>_,X. However, each ¥"7>_,, X is co-connective as an object in €, so 7>_, X = 0 by assumption,
which implies that X = 0.

(2) The "only if" direction is obvious. Now assume that C is complete. Given a tower T

i

X1

]

X%XU

in Sp(€) such that {X,,} is a Postnikov tower in Sp(€), we need to show that X ~ lim X; if and only if X
is a Postnikov tower (see a similar argument in [HTT, Proposition 5.5.6.26]). Since Sp(C) is right complete,
we have that

Sp(€) =——— lim Sp(C)>_,

is an equivalence in Prft. Thus X ~ lim X; if and only if for each n > 0 we have T>_pX @i T>_nXi-
Also, the tower T is a Postnikov tower if and only if for each n > 0 the following tower

Tzanl

|

TZ—nX Emd TZ—nXO

is a Postnikov tower. By the completeness of C, the proof is complete. O

1.2 Dualizable additive oco-categories
Definition 1.19 (See [Ram?24a] Definition 1.22, 1.27). Let V¥ € CAlg(Prl) and M € Pri = Mody (Prl).

(1) An object x € M is called V-atomic, or simply atomic if the base V is understood, if the V-linear
functor V —2% M classifies an internal left adjoint, i.e. if
Map, (z,—) : M =V
preserves small colimits and the canonical map
v® Map, (z,y) = Map, (z,v®yY)

is an equivalence for all v € V,y € M.



(2) The M is said to be V-atomically generated if the smallest full V-submodule of M closed under colimits
and containing the atomics of M is M itself.

Proposition 1.20. Let M € Modsp>o(?rL) = PrL,. Then an object x € M is Spx>o-atomic if and only if it
is compact projective in M. -

Proof. Because Sp%0 is a mode [see CSY21, §5], it only suffices to check the colimit-preserving property
of the internal hom functor by [Ram24a, Example 1.24]. Now we note that the corepresentable functor
Mapy(z, —) : M — 8 is the composition of @M(z, —) : M = Spsq and Q% : Sps; — 8. Since both M
and Sps are additive, the connective mapping spectrum functor

MapM(;v, =) : M — Spsg

preserves small colimits if and only if it preserves small sifted colimits. Therefore the result follows im-
mediately from [HA, Proposition 1.4.3.9] that Q> : Spy, — 8§ is conservative and preserves small sifted
colimits. O

Definition 1.21. Let Trﬁé@) denote the symmetric monoidal co-category of presentable additive co-categories
with colimit-preserving morphisms and Lurie tensor product. We say a presentable additive co-category €
is dualizable if it is dualizable (see Appendix A.1) under Lurie tensor product.

We denote (Prgd as the full subcategory of iPrgd spanned by those dualizable presentable additive co-categories,
Trgldjl as the (non-full) subcategory of Trgd with the same objects but whose morphisms are internal left
adjoints, i.e. those left adjoints such that their right adjoints are colimit-preserving.

Proposition 1.22. Let C € Trgd. Then C is a complete Grothendieck prestable oco-category which satisfies
AB/J*.

Proof. O

1.3 Additive rigidity

[Ram24a][Ram24b][BS24][CSY21] We will compare our projective rigidity with rigidity in enriched context.
Definition 1.23 (See [Ram24b]| Definition 4.34). Let V® € CAlg(Prl) and W € CAlgy = CAlg(Pr)). We
say W is a rigid V-algebra, if the following hold:

(1) The W is a dualizable V-module.
(2) the multiplication map W ®y W — W is an internal left adjoint in Modyye,w(Prl).

(3) The unit 1w € W is V-atomic.

Proposition 1.24 (See [Ram?24b|] Lemma 4.50). Let V¢ € CAlg(Prl) . Suppose W is a commutative
V-algebra, whose underlying V-module is atomically generated. In this case, W is rigid if and only if its
V-atomics and dualizables coincide.

Theorem 1.25. Let M € Trﬁd. Then:

(1) The M is Spsq-atomically generated if and only if it is projectively generated.
(2) If M® € CAlg(PrL,), then M® is Spsg-atomically generated and Sps-rigid, if and only if, it is
projectively rigid in the sense of Definition 4.13.

Proof. The (1) follows immediately from Proposition 1.20.
The (2) follows by combining Proposition 1.20 and Proposition 1.24. O

We will discuss more about projective rigidity in Sections 4.2 and 8.

Example 1.26. We list a collection of ttt-oo-categories whose connective part satisfies projective rigidity
in Example 8.20.
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2 Grothendieck abelian categories

An important technique for learning derived algebra theory is to reduce to the “my" case, in the study of

Eso-rings and modules over them, after taking 7, we are dealing with the rings and modules in the classical
sense, since Spv is the category of the abelian groups Ab. But in our setting, AY is an abelian category, our
goal in this section is to establish the theory of “rings” and “module” in AY. previous [TV09][Ban12]|[Ban17]

Definition 2.1. Let Groth; C fPrng denote the full subcategory of presentable additive 1-categories spanned
by those abelian categories such that filtered colimits commute with finite limits in it. We call an object in
Groth; a Grothendieck abelian category.

Remark 2.2. For a Grothendieck prestable category € € Groth, the heart €% is a Grothendieck Abelian
category. However, the forgetful functor Groth,, — Groth; is not one-to-one but many-to-one, e.g SpY =
D(Z)%.

Example 2.3. The (light) Condensed Abelian Group CondAb and the full subcategory Solidz are both
Grothendieck Abelian categories.

Remark 2.4. The Groth; is closed under the Lurie tensor product on Pr’ by [SAG, Theorem C.5.4.16].
We call an object in CAlg(Groth;) a symmetric monoidal Grothendieck abelian category.

Throughout Section 2, we fix a symmetric monoidal Grothendieck abelian category A® € CAlg(Groth;).

2.1 Dualizable additive n-categories

Definition 2.5. Let B € Groth; be a Grothendieck abelian category.

(1) We say an object X € B is 1-projective if it is an projective in the ordinary sense in an abelian category.

(2) We say B is 1-projectively generated if B is generated by a small set of compact 1-projective objects
under small colimits.

(3) If B € CAlg(Groth;) is a symmetric monoidal Grothendieck abelian category, then we say B® is 1-
projectively rigid if B is 1-projectively generated and the dualizable objects in B coincide with compact
1-projective objects.

Remark 2.6. We use the terminology “l-projective” to distinguish it from the “projective” in the sense of
[HTT, Definition 5.5.8.18] for an oo-category. Generally they do not agree in an abelian 1-category [see
HTT, Example 5.5.8.21].

Definition 2.7. Let C be an n-category. We say an object X € C is n-projective if the corepresentable
functor € — 8<,,_; preserves geometric realizations.

Proposition 2.8. Let M € Modap,(Prl) = U’rﬁd’I be an presentable additive 1-category. Then an object
x € M is Ab-atomic if and only if it is compact 1-projective in M.

Proof. Tt is parallel with Proposition 1.20. [

2.2 Linear Grothendieck abelian categories

Definition 2.9. We denote the (2,2)-category of A-linear Grothendieck abelian category with A-linear
functors by Moda (Grothy).

Example 2.10. Given an R € Alg(A), the LModg(A) is an A-linear Grothendieck abelian category.
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2.3 Modules and algebras

Definition 2.11. Let R € Alg(A).

(1) We say a left R-module M is finitely presented if M is a compact object in Modgr(A).

(2) We say a left R-module M is (faithfully) flat if the relative tensor product functor (—) @pr M :
RModgr(A) — A is (conservative) left exact.

(3) We define an left ideal I of R as an left R-submodule of R.
Proposition 2.12. Let f: A — B € CAlg(A) be a faithfully flat map. Then

(1) For any A-module M, the map M ~ M ®4 A — M ®4 B is monomorphic. In particular, A — B is
monomorphic.

(2) The Coker(f) is a flat A-module.
Proof. (1) Let N be the kernel of M — M ® 4 B. Considering the following diagram.

N —— N®a B

[ Jeus

M — M®asB

Then by the base change adjoint we conclude that the map N ® 4 B — M ®4 B is zero. The faithful flatness
implies ¢ = 0 and hence N = 0.
(2) It follows immediately from (1) and snake lemma. O

Proposition 2.13. Suppose that A is 1-projectively generated and R € CAlg(A). Then:

(1) Any R-module M can be written as a pushout in Modgr(A) as the following form

P ——0

|

P2 — M
where P1, Py € Modg(A) are I-projective R-modules.

(2) An R-module M is finitely presented if and only if Pi, Py can be promoted to compact 1-projective
R-modules.

Proof. O

Proposition 2.14. Suppose that A® is 1-projectively rigid. Let R be in CAlg(A>q). Then Modgr(A)® is
1-projectively rigid too.

Proof. Since the symmetric monoidal functor
A® 25 Nodg(A)®

preserves compact 1-projective objects and dualizable objects, we conclude that

(¢) The unit R is dualizable in Modg(A).

(i1) If P € A is compact 1-projective, then R ® P is dualizable in Modg(A) .

12



So the full subcategory of dualizable objects Modg(A)? contains {R ® X|X € A7/}, Then combining
Lemma 3.1(2) and Proposition A.10(2)(3), we get Modg(A)®?"* C Modg(A)?. Finally, the fact that the
unit R is compact 1-projective implies the equality Modz(A)®™ = Modg(A)<. O

The [Ste23, Prop. 2.2.22] proves Lazard’s theorem over commutative ring objects. We find the argument
there also works in noncommutative settings.
Theorem 2.15 (Lazard’s theorem). Suppose that A® is 1-projectively rigid. Let R € Alg(A) and M be a
left R-module of A. Then:

(1) If M is 1-projective, then M is flat.

(2) The M is compact 1-projective if and only if it is left dualizable in LModg(A).

(3) The M is flat if and only if it is a filtered colimit of compact 1-projective left R-modules.
Proof.
(1) Since flat modules are closed under small coproducts and retractions, we reduce to the case M = R® P
where P € AP™J is compact 1-projective. It becomes easy because (—) @p (R ® P) ~ (—) ® P reduces to
the case R = 1, which follows from the dualizability of P in A.
(2) By Corollary A.14, we see that left dualizable objects are closed under finite coproducts and retracts.

We observe that every R ® P is left dualizable (given by PV ® R), which proves “only if” direction. For the
“if” direction, if M is left dualizable, then it follows from

Mapy nodp(a) (M, =) = Mapa (1, 'M ®@p —)

and compact 1-projectivity of the unit.
(3) It is a parallel argument with Theorem 4.18. O

Proposition 2.16. Suppose that A® is 1-projectively rigid. Let R € Alg(A) and let M be a left R-module.
Then the following are equivalent:

(1) The M is a compact 1-projective left R-module.
(2) The M is a finitely presented and flat left R-module.

Proof. The (1) = (2) is obvious. For (2) = (1), by Lazard’s theorem M can be written as the filtered colimit
of a set of compact 1-projective left R-modules. Then the compactness implies M is the retraction of some
compact 1-projective module, and hence compact 1-projective too. O

Definition 2.17. (1) We say a map R — S € CAlg(A) is of finite presentation if S is a compact object
in CAlg(A)g,.

Proposition 2.18. Suppose that A is compactly generated. Then a map R — S € CAlg(A) is of finite
presentation if and only if S can be written as a pushout in CAlg(A) as the following form

Symp(N) —*— R

|

N
Symp(M) ——
where M, N € Modgr(A)¥ are compact R-modules and « is the natural augmentation. (Note that the ¢ here
is not necessarily induced by a map of N — M.)
Furthermore, if A is 1-projectively generated, then M, N can be chosen as compact 1-projective R-modules.

Proof. The proof is parallel with the proof of Proposition 5.15. O
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Proposition 2.19. Let R — S € CAlg(A) be an epimorphism of commutative ring objects. Then the
forgetful functor Mods(A)® — Modg(A)® is a symmetric monoidal embedding.

Proof. Since R — S is an epimorphism is equivalent to that S is an idempotent commutative R-algebra, the
result follows immediately from [HA, Prop. 4.8.2.10]. O

Proposition 2.20. A faithfully flat epimorphism in CAlg(A) is an isomorphism.

Proof. The epimorphism implies the map R ®r S — S ®p S is an isomorphism, so by the fully faithful
flatness the R — S is an isomorphism. O

Definition 2.21. We say a map f: R — S € CAlg(A) is an open immersion if f is finitely presented, flat
and epimorphic.

3 Flat and faithfully flat

We are inspired by equivalent conditions of the flatness over structured ring spectra appeared in [HA,
Theorem 7.2.2.15].

3.1 t-structure on the category of modules

F
Lemma 3.1. Let C = D be an adjoint pair of oco-categories.
G

(1) Assume k is a reqular cardinal, € is k-presentable, and D is locally small and admits small colimits. If
G is conservative and preserves small k-filtered colimits, then D is k-presentable. Furthermore, D" is
the smallest full subcategory generated by F(CF) under k-small colimits and retractions. Consequently,
D is generated by the image of F' under small colimits.

(2) (See [HA, Corollary 4.7.3.18]).
Assume D admits small filtered colimits and geometric realizations, and G preserves both. Also, assume
C is projectively generated (see [[ITT, Definition 5.5.8.23]). If the functor G is conservative, then D is
projectively generated. An object D € D is compact and projective if and only if there exists a compact
projective object C' € € such that D is a retract of F(C). Hence, D is generated by the image of F
under small colimits.

Proof. We first prove (1). Let Dy C D be the smallest full subcategory generated by F(C*) under finite
colimits and retractions. Then the inclusion Dy C D extends to a fully faithful embedding F» : Ind,(Dg) —
D (by [HTT, p. 5.3.5.10]). Since F preserves small colimits, it admits a right adjoint H ([HTT, Proposition
5.5.1.9]). Thus, we have the following factorization of adjoint pairs:

I Fy
C=1Ind,(Dy) =D
G1 Gz

It will therefore suffice to show that the functor G5 is conservative. Let o« : X — Y be a morphism in D
such that G3(«) is an equivalence. We aim to show that « is an equivalence. For this, since € is k-compactly
generated, it will suffice to show that « induces a homotopy equivalence

0 : Map (C,G(X)) = Mape (C, G(Y))
for every k-compact object C' € €. This map can be identified with
0 : Mapy,q, (p,) (F1(C), G2(X)) = Mapy,q, (p,) (F1(C), G2(Y))
Our assumption that Ga(«) is an equivalence guarantees that 6 is a homotopy equivalence, as desired.

For (2), the argument is entirely parallel. See also [HA, Cor. 4.7.3.18]. O
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Remark 3.2. The conditions of (2) guarantee that D is locally small because it is monadic over € by the
Barr-Beck-Lurie theorem (see [HA, Thm. 4.7.3.5]).

R®—
Corollary 3.3. Let R € Alg(A). Applying Lemma 5.1 to the adjoint pair A = LModg(A), we obtain:
(1) If A is k-presentable for some regular cardinal K, then so is LModg(A).
(2) LModg(A) is presentable.
(3) LModg(A) is generated by {R® X | X € A} under small colimits.
Remark 3.4. By [HA, Proposition 7.1.1.4], LModg(A) is stable for any R € Alg(A).

Definition 3.5. Let C be a stable co-category equipped with a t-structure. We say it is hypercomplete if
for an object X € €, the condition 7<, X = 0 for every integer n implies X = 0.

Example 3.6. Let X be a hypercomplete oco-topos. Then the natural ¢-structure
(Shv (X, Sp)®, Shv(X, Sp)>o)
developed in [SAG, Proposition 1.3.2.7] is hypercomplete by [SAG, Proposition 1.3.3.3].

Proposition 3.7. Let R be in Alg(A>¢). Then LModg(A) is a presentable stable co-category which admits
a natural accessible t-structure (LModg(A)>o, LModr(A)<o) satisfying the following properties:

(1) LModg(A)so and LModg(A)<o are the inverse images of Aso and A<o under the projection 0 :
LModg(A) — A.

(2) The natural inclusion LModg(A>¢) < LModg(A) induces an equivalence LModg(A>g) — LModg(A)>o.

(3) The functor 7<, : Aso — Ao induces an equivalence LModg(A)(o n] = LMod,_, r(Ajo,n))- In
particular, the o functor induces an equivalence LModg(A)Y = LMod,z(AY).

(4) If A is left (resp. right, resp. hyper) complete, then so is LModg(A).

(5) If the t-structure on A is compatible with filtered colimits, meaning A<o C A is closed under filtered
colimits, then so is the induced t-structure on LModg(A).

(6) If A>¢ is projectively generated, then so is LModg(A)>o.

Proof. We first prove (1). It follows immediately from the definitions that the full subcategory LModg(A)>¢ C
LModg(A) is closed under small colimits and extensions. Also, note that LModg(A)>¢ is presentable since
the following is a pullback square in Prl:

LMOdR(.A)ZQ e LMOdR(.A)
L l
Asg —— A
Using [HA, Prop. 1.4.4.11], we deduce the existence of an accessible t-structure
(LModg(A)>0, LModg(A)")

on LModg(A). To complete the proof, it will suffice to show that LModg(A)" = LModg(A)<o.

Suppose first that N € LModg(A)". Then the mapping space Mapyyioq,a)(M,N) is discrete for ev-
ery object M € LModg(A)so. In particular, for every connective object X € Ao, the mapping space
Mapy noda) (R®X, N) ~ Map 4 (X, 0(NN)) is discrete, so that 0(N) € Ao, and therefore N € LModg(A)<o-
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Conversely, suppose that N € LModg(A)<o. We wish to prove that N € LModg(A)". Let C denote the
full subcategory of LModg(A) spanned by those objects M € LModg(A) for which the mapping space
Mapy,nod, a) (M, N) is discrete. We wish to prove that € contains LModg(A)>o. Firstly, we have that
¢ induces a functor LModgr(A) — Ao which is conservative and preserves small colimits; moreover, this
functor has a left adjoint F'r, given informally by the formula Fr(X) ~ R® X. Using Lemma 3.1, we
conclude that LModg(A)>o is generated under small colimits by the essential image of Fr. Since € is stable
under colimits, it will suffice to show that € contains the essential image of F'r. Unwinding the definitions,
we are reduced to proving that the mapping space

MapLModR(A)(F(X>7 N) >~ Map, (X,0(N))

is discrete for every connective object X in A, which is equivalent to our assumption that N € LModg(A)<o.
This completes the proof of (1).
For (2), the proof follows directly from the definition.

For (3), we observe that we have a natural factorization:

LMOdR(.A)[O,n]

/ \\\\\\ o
Ty

LMOdR(.Azo) £ LMOd‘anR(‘A[O,"])

It suffices to prove that Fy is fully faithful and essentially surjective. It is easy to see that F' and F|y preserve
colimits. We wish to prove that, for a fixed N € LModg(A)[o,n), the full subcategory D of LModg(A)>0
spanned by those objects M for which the map

Mappntodpa) (M, N) — MapLModTgnR(A[o’n])(F(M)v F(N))

is an equivalence. It is easy to see that D is stable under colimits and contains R ® X for all X € Asg.
Lemma 3.1 shows that D = LModg(A)>o. In particular, Fy is fully faithful.

It remains to show that Fj is essentially surjective. Since Fj is fully faithful and preserves small colimits,
the essential image of Fp is closed under small colimits. By applying Lemma Lemma 3.1 to Ajg, &
LMod,_, r(Ajo,n)), it will therefore suffice to show that every free left 7<, R-module 7<, R®Y where Y €
Ajo,n) belongs to the essential image of Fyy, where ® denotes the tensor product in Apg ;. We now conclude
by observing that F (R ® X) ~ 7<, R®7<, X.

The (4) and (5) are concluded by the fact that § : LModgr(A) — A is t-exact, conservative, and preserves
small colimits and limits.

F
The (6) is concluded by Lemma 3.1(2) applied to the adjoint pair A>o = LModg(A)>o. O
G

Remark 3.8. See also a brief discussion in [AN21, Appendix].

Corollary 3.9. Let R € AlgEkJrl (A>0) be a connective Egy1-algebra where 1 < k < co. Then the presentably
Ej-monoidal category LModg(A)® — E% satisfies:

(1) The natural t-structure (LModg(A)>o, LModg(A)<o) s compatible with the monoidal structure.

(2) The natural inclusion LModg(A>0)® < LModg(A)® is an Eg-monoidal functor which induces an
equivalence LModg(A>0)® — LModR(A)g’O of Ex-monoidal categories.

(3) The symmetric monoidal functor T?n : Ago — A% o) induces an equivalence LModR(fl)% ] =
LMod_, r(Ajo,n))® of Ex-monoidal (n + 1)-categories. In particular, the mo functor induces an equiv-

alence of By-monoidal 1-categories LModr(A)¥® =5 LMod,,r(AY)®. Note that when k > 1, Ey-
algebras in AV are Eo-algebras, so Ll\/[odm)R(A@)® is symmetric monoidal in this case.
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Remark 3.10. (1) When R € CAlg(A>o) is a connective E-ring object, LModg(A)® becomes a new
presentably stably symmetric monoidal co-category with an accessible t-structure (LModg(A)>o, LModg(A)<o)
that is compatible with the monoidal structure.

(2) Proposition 3.7 also applies to the right module category RModg(A) and the bimodule category
r BModg(A) when R, S are connective.

Convention 3.11. In the case where R € CAlg(A) is commutative, we will simply denote LModg(A)® by
Modg(A)®.

3.2 Flat modules and algebras
Definition 3.12 (connective case). Let R € Alg(A>o) be a connective Eq-ring object.
(1) We say a left R-module M is flat if the relative tensor product functor (=) ® g M : RModg(A) — A
is t-exact.

(2) We say aleft R-module M is faithfully flat if the relative tensor product functor (—)®rM : RModg(A) —
A is t-exact and conservative.

(3) f Ris E and f: R — S is a morphism in CAlg(A), we say f is (faithfully) flat if S is a (faithfully)
flat R-module.

Remark 3.13. If M is flat on a connective E;-ring object R € Alg(A>o), then M ~ R ®p M itself is
connective.

Proposition 3.14. Let R € Alg(A>¢) be a connective Eq-ring object. Then:
(1) The full subcategory of flat modules LMod g (A)f' € LModg(A) is closed under finite coproducts, retrac-

tions, and extensions. If the t-structure on A is compatible with filtered colimits, then LModg(A)f! C
LModg(A) is furthermore closed under filtered colimits.

(2) If R € CAlg(Aso) is Ew, then the full subcategory of flat modules
Modg(A)H® c Modgr(A)® contains the unit and is closed under tensor product and hence a symmetric
monoidal full subcategory.

(3) If R € CAlg(A>¢) is Eox and M € Modg(A) is a dualizable R-module, then M is flat if and only if
both M and the dual MV are connective R-modules.

Proof.
(1) and (2) are obvious by definition of flatness.
(3) Assume that M is flat, then M is connective by the remark above. Since the

Mapyioq,a) (MY, N) = Mapyoa,, a) (R, M @ N)

is contractible for any (—1)-truncated N, the MV is connective too.

Now assume both M and the dual M"Y are connective. Since M is connective, the tensor product (—) ® g M
is right t-exact. So it suffices to check the left t-exactness of (—) @ g M. Let @ be a connective R-module
and N is be a (—1)-truncated R-module. Then the

Mapyjody ) (Q @r MY, N) ~ Mapyoa, ) (Q, M @ N)
is contractible. So the (—) ® g M is indeed left t-exact. O

Proposition 3.15. Assume that A is Grothendieck. Let R € Alg(A>o) be a connective E;-ring object and
M be a connective left R-module. Then the following conditions are equivalent:

(1) M is flat.
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(2) The tensor product functor (=) @g M is left t-exact, meaning it sends the negative part to negative
part.

(3) The tensor product functor (—) ®r M sends discrete objects to discrete objects.

Proof. The (1) < (2) and (2) = (3) are obvious. Now we claim that (3) = (2).

Given a coconnective right R-module M € RModg(A)<q, we wish to show that N ®p M € A<¢. Since A is
right complete, we have that M ~ ligﬂ'z_iM. Now we will prove that N @r 7>, M € A[_,, o] inductively.
The case n = 0 is true by the assumption. Now assume that for n — 1 > 0 it is true, we need to show that
N®g7T>_nM € A|_y 0], which is by observing that the first and third items in the following exact sequence

N@rTs_(n-1yM = N@g7>_ M — NQpn_M

belong to A[_, . Since the t-structure is compatible with filtered colimits, we have that N ®gr M =~
@N ®Rr T>—iM belong to A<g. O

Remark 3.16. If the (A®, A>() € CAlg(Prh®) is Grothendieck, then a connective left R-module M for
some R € Alg(Asp) is flat if and only if the tensor product functor (=) ® g M : RModg(As>g) = Ao is left
exact by Proposition 1.12.

Proposition 3.17. If R — S € Alg(A>q) be a morphism of connective Ey-ring objects, then

(1) The relative tensor product S ®p (—) : LModgr(A) — LModgs(A) sends (faithfully) flat modules to
(faithfully) flat modules.

(2) If S is flat as a left R-module, then the forgetful functor 6 : LModg(A) — LModgr(A) sends flat
modules to flat modules. If furthermore S is faithfully flat as a left R-module, then the forgetful functor
0 : LModg(A) — LModg(A) preserves faithfully flat modules.

Proof.
(1)Let M € LModg(A). We observe that (—) ®s (S®g M) ~ (—) @ M.
(2) Given N € LModg(A), we observe that (=) ®g 0(N) ~ (—) ®r S ®s N. O

Definition 3.18 (Nonconnective case). Let R € Alg(A) and 6 : LModg(A) — LMod,_,r(A) be the forgetful
functor.

(1) We say a left R-module M is flat if the counit map R®,_,r7>00(M) — M with respect to the following

composite adjunction
LMOd-,—>0R(A) >0 LMOd-,—>UR(.A) — LMOdR(A)
- - 0

T>0

is an equivalence and 7>08(M) is flat over 7>¢R.
(2) We say a left R-module M is faithfully flat if it is flat over R and 7>¢0(M) is faithfully flat over 7>¢R.
(3) If f: R — S is a morphism in CAlg(A), we say f is (faithfully) flat if S is a (faithfully) flat R-module.
Remark 3.19. Let R € Alg(A) be an E;-ring object. Then

(1) The full subcategory of flat modules LModg(A)f! € LModg(A) is closed under finite coproducts and
retractions. but under extension???

(2) If the t-structure on A is compatible with filtered colimits, then LModg(A)/! € LModg(A) is closed
under filtered colimits.

(3) If M is a flat left R-module, then M is faithfully flat implies that the tensor product functor (—) ®z M
is conservative. The converse holds if A is Grothendieck and hypercomplete???(probably wrong)

Proposition 3.20. Let R — S be a map in Alg(A), where R is not necessarily connective.
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(1) If r>oR — 705 is an equivalence, then the relative tensor product S®@ g (—) : LModg(A) — LModg(A)

~

restricts to a categorical equivalence LModg(A)! = LModg(A)f! between full subcategories of flat
modules. (See [HA, Prop. 7.2.2.16] for the case of spectra.)

(2) If R € CAlg(A), then the full subcategory of flat modules Modg(A)f® C Modg(A)® is closed under
tensor product and hence a full symmetric monoidal subcategory.

(3) If R — S is a morphism in CAlg(A) such that T>oR — 7505 is an equivalence, then Modg(A)/H® =
Mods(A)fb® s an equivalence of symmetric monoidal categories.

Proof. The (2), (3) are conclusions of (1). So it suffices to prove (1) in the case when R = 75(S. Since R is
connective, the co-category LModg(A) admits a t-structure. Let F’ denote the composite functor

LModg(A)so € LModg(A) 25 LMods(A)

Then F’ has a right adjoint, given by the composition G’ = 759 0 G. Given M is a flat left R-module, we
observe that M — G'F'(M) is equivalent by the flatness of M. Now we wish to prove F’ preserves flatness,
ie. F'G'F'(M) — F'(M) is equivalent, which is obvious. Then we wish to prove G’ preserves flatness too,
which is by definition of flatness in nonconnective case. Consequently, F’ and G’ induce adjoint functors

F/
LModZ; (A4) S LMod (4)

It now suffices to show that the unit and counit of the adjunction are equivalences. In other words, we must
show:

(i) For every flat left R-module M, the unit map M — G'F’(M) is an equivalence, which has been done by
the argument above.

(ii) For every flat left S-module N, the counit map F'G’(N) — N is an equivalence, which is by definition
of flatness in nonconnective case. O

Proposition 3.21 (Nonconnective case). If R — S € Alg(A) be a morphism of Ei-ring objects, then

(1) The relative tensor product S @ (—) : LModgr(A) — LModgs(A) sends (faithfully) flat modules to
(faithfully) flat modules.

(2) If S is flat as a left R-module, then the forgetful functor 6§ : LModg(A) — LModg(A) sends flat
modules to flat modules. If furthermore S is faithfully flat as a left R-module, then the forgetful functor
0 : LModg(A) — LModg(A) preserves faithfully flat modules.

Proof. The (1) is deduced by combination of Proposition 3.17 and Proposition 3.20.
For (2), we claim the following diagram is right adjointable,

LMod,,z(A) 7 LMod,. s (A)

l l

LModg(A) ——— LMods(A)

because S @, .5 (=) = R @7 r T>05 ®r.05 (—) by flatness of S over R. Then it reduces to the connective
case, which is Proposition 3.17. O

Proposition 3.22.

(1) If f: R — S is a morphism in CAlg(A), then f is flat if and only if f>o : T>0R — 7>0S5 is flat and
the following diagram
TZOR — TZOS

| |

R—— S
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is a pushout diagram in CAlg(A).

2)If f : R — S is a flat map in CAlg(A>¢), then the following diagram is a pushout diagram in
R—— S

l l

TSnR — TgnS
Hence T<n R — 7<pS is also flat for any n > 0.

(3) Let f: R— S be a (faithful) flat map in CAlg(A) and R — A be another map in CAlg(A). Then the
map A — A®pg S given by the following pushout diagram is (faithful) flat.

R— S

L

A— ARrS

Proof.

(1) If f is flat, then we have S ~ R ®,,,r T>05 by the flatness of S over R. If the converse is ture, then
R — S is flat by Proposition 3.21(1).

(2) Since (—) ®g S is t-exact, the following diagram is a pushout diagram in CAlg(A).

R—— S

l l

TgnR e TSnS

So T7<p R — 7<,,S is flat by Proposition 3.21(1).
(3) It follows immediately from Proposition 3.21.

Proposition 3.23. Given a diagram

AN

B— ¢

in CAlg(A).

(1) where f,g are flat morphisms, then so is the composition h.
(2) If h is flat and g is faithfully flat, then f is flat.
Proof.

(1) It follows immediately from definition.
(2) Considering the following diagram

T>o0f T>09
TZ(JA — TZOB — 7'200

| | |

A—TL sp_ 9 .0

in CAlg(A). Then the right square and outer square are pushouts by Proposition 3.22. The faithful flatness
of g implies the tensor product functor (—) ®r.oB T>0C is conservative, which implies the left square is also
a pushout. So we reduce to the case when A, B, C' are connective.
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Now given a coconnective A-module M € Mod 4(A)<g, we wish to show that N = B®4 M is also cocon-

nective. However the C' ® g N is coconnective by assumption, so N is coconnective by faithful flatness of
g O

Corollary 3.24. Given a pushout diagram in CAlg(A)

A YA

[
;¥
B" —— B
where v is faithfully flat. If B is flat over A, then B’ is flat over A'.
Proof. Since 1 is faithfully flat, the morphism ¢’ is also faithfully flat. By virtue of Proposition 3.23(2), it

will suffice to show that the composition 1)’ o ¢ ~ ¢ o 1) is flat. This also follows from Proposition 3.23, since
1 and ¢ are both flat. O

Proposition 3.25. Let R € Alg(A). Then:

(1) Let M € LModg(A). If M is (faithfully) flat over R, then moM € LModq,r(AY) is (faithfully) flat
over moR in the sense of Definition 2.11.

(2) Assume that A is Grothendieck and hypercomplete. Let f : M — N be a map between flat left R-
modules. If mof : moM — w9 B is an equivalence, then so is f : M — N.

(3) Let M € LModg(A) be a flat left R-module. Then for any n € Z, we have 7, (R)@r,gmoM — 7w, M is
a natural equivalence in LMod,, r(A”).

(4) Assume that A is Grothendieck. If f : R — S is a faithfully flat morphism in CAlg(A), then the
cofib(f) is a flat R-module. The converse holds provided furthermore that A is hypercomplete.

Proof. For (1), we have that 7>¢M is flat over 7o R, so it suffices to show the case when R, M are connective.
Therefore by t-exactness we have the following factorization

RMod,,p(A) 2% 4
l‘rzo J{‘l’zo
(-)®rM

RMOdTZOR('A)ZO SN ‘AZO

which implies that (=) @ g M : RModgr(A>g) — A>o is left exact. Now since mp : Ago — (AY)® is a
symmetric monoidal functor preserving geometric realizations, we have the commutative diagram of relative
tensor product functors.

RMod (Asg) 2204

|

RMOdTroR (A&j)®WORW>O%O

.AZO

So we conclude that (—)®g,rmoM is left exact since the above horizontal functor preserves discrete objects.
For the faithful flat case, it follows directly from definition.

(2) By definition of nonconnective flatness, without loss of generalization we can assume that R, M and N
are connective. To do so it suffices to prove that R ®p f is an equivalence. Since both M and N are flat
and A is hypercomplete we may reduce to proving that mo(m, R ®g f) is an equivalence for all n > 0. This
agrees with mo(m, R ®g 7o f), which is an equivalence by virtue of the fact that m(f) is an equivalence.

(3) By definition we have that 7>¢M is flat over 7>9R and R®,. g T>0M ~ M. Then it follows by combining
the t-exactness of (—) ®.,r T>0M and the natural equivalence 7, (R) Qraor T>0M =~ T (R)®nyrmo M.
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(4) Due to Proposition 3.22(1), we may reduce to the case where R and S are connective. Let C denote the
cofib(f).

Now assume that C is flat over R. By Proposition 3.15, it suffices to show that C' ®r M is discrete for any
discrete R-module M. Since R®r M and S ®pr M are discrete, we have that the C ® p M € A<;. Therefore
it suffices to show that 7;(C ® g M) = 0 when ¢ # 0, which is deduced by combining the Proposition 3.25(1),
Proposition 2.12 and the long exact sequence associated with R®r M — S®@r M — C ®r M.

For the converse implication, to see that S is flat over R, it suffices to show that S ®p M is discrete for any
discrete R-module M, which is obvious by the cofiber sequence R ®r M — S Qr M — C ®r M with the
first and third terms discrete. To see the faithfulness, due to the hypercompleteness, it is reduced to proving
M =0 if M is discrete and S ® g M = 0, which is again by the cofiber sequence above. O

4 Projective modules

Throughout Section 4, we assume that (*)

(1) The t-structure on A is right complete and compatible with filtered colimits, i.e., it is Grothendieck.
(2) The A is projectively generated, meaning Ao ~ Py (Ac;omj).

Remark 4.1.

(1) The assumption (1) implies that the t-structure is recovered by the Grothendieck prestable co-category
Aso by Corollary 1.13 that Sp(A>q) ~ A.

(2) The assumptions (1) and (2) will imply that the t-structure on A is left complete by combining
Proposition 1.18 and [SAG, Remark C.1.5.9].

(3) Under the assumptions (1) and (2), for any R € Alg(A>(), the LModg(A)>¢ is projectively generated
and the induced t-structure on LModg(A) is right complete and compatible with filtered colimits too
by Proposition 3.7.

4.1 Projective modules

Proposition 4.2. The A is compactly generated. And hence for any R € Alg(A), the LModg(A) is com-
pactly generated by Lemma 3.1.

Proof. We have A =~ lgnn As_,, as an inverse limit diagram in PrZ by the assumption, so A € PrZ too. O

Proposition 4.3. Let R € Alg(Aso), and let C be the smallest idempotent complete stable subcategory of
LModg(A) which contains all compact projective left modules. Then € = LModg(A)¢ the full subcategory of
compact modules.

Proof. Since LModg(A) is right complete, the collection of connective cover functors {7>_,|n > 0} is jointly
conservative. Therefore by Lemma 3.1 LModg(A) is generated by {R ® X~"P|n > 0,P € AZ;*} under
small colimits. Then the compact generation of A implies € = LModg(A)°. - O

Remark 4.4. We will see in Proposition 5.12 that under the stronger assumption of projective rigidity, the
“idempotent-complete” condition above is removable, i.e. LModgr(A)® C LModgr(A) is the smallest stable
subcategory which contains all compact projective left modules.
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Definition 4.5. Let R be in Alg(A>g). We say P € LModgr(A)>o is a projective left R-module if it is a
projective object in LModg(A)>¢, meaning that the corepresentable functor

Mappnodp(a)s, (B —) : LModgr(A)>0 = 8

preserves geometric realizations.

We introduce a stronger version of [[{A, Lemma 1.3.3.11(2)]. In there, it requires that both € and € are left
complete. However, we find the left complete condition on € is removable.

Lemma 4.6. Let C and €' be stable co-categories equipped with t-structures. Then:

(1) If F: C5¢ — 6/20 is a functor preserves finite colimits, then T<, o F = T<, o F o T<,, is a natural

equivalence in Fun(Cso, GEO n]) for any n > 0.

(2) If C>o admits geometric realizations and €' is left complete, then a functor F : C>o — €/>0 preserves
finite colimits if and only if it preserves finite coproducts and geometric realizations.

Proof.
(1) Since F is right exact, it preserves suspension. Given X € Cx¢, then we have that the sequence

F(TZnJrlX) — F(X) — F(TSnX)
is a cofiber sequence in Glzo and that F(7>,+1X) € GIZYH-l' Taking 7<,,, we get the natural equivalence
TSnF(X) l) TSnF(Tan)-

(2) If F preserves finite coproducts and geometric realizations of simplicial objects, then F is right exact [HA,
Lemma 1.3.3.10]. Conversely, suppose that F' is right exact; we wish to prove that F' preserves geometric
realizations of simplicial objects. It will suffice to show that each composition

F o T<n ’
Cz0 — €L — (C5),

By the (1), in virtue of the right exactness of F, this functor is equivalent to the composition

TSW,OF

GZO TS_W) (ez(l)gn ( /20) <n’

It will therefore suffice to prove that 7<, o F' preserves geometric realizations of simplicial objects, which
follows from [HA, Lemma 1.3.3.10] since both the source and target are equivalent to n-categories. O

We also introduce a stronger version of [HA, Prop. 7.2.2.6]. In there, it requires that C is left complete,
which is removable too.

Proposition 4.7. Let C be a stable co-category with a t-structure such that C>¢ admits geometric realizations.
Given P € C>g, then the following conditions are equivalent:

1) The P is projective in C>g.

3

(1)

(2) For any @Q € Cxg, the abelian group Ext'(P,Q) = 0.

(3) For any Q € Cxg, the abelian group Ext'(P,Q) = 0 when i > 0.
(4)

4) The mapping spectrum functor MapC (P,—): € — Sp is t-exact.
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Proof. The implications (3) = (2) and (3) < (4) are obvious. The implication (2) = (3) follows by replacing
@ by Qli — 1.

We first show that (1) = (2). Let f : @ — 8 be the functor corepresented by P. Let M, be a Cech nerve for
the morphism 0 — @[1], so that M,, >~ Q™ € C>¢. Then Q[1] can be identified with the geometric realization

|M,|. Since P is projective, f(Q[1]) is equivalent to the geometric realization |f (M,)|. We have a surjective
map * ~ mo f (Mo) — 7o |f (M,)|, so that o f(Q[1]) = Extg(P, Q) = 0.

We now show that (3) = (1). That € is stable implies that f is homotopic to a composition
e Lsp 25,

where F is an exact functor. Applying (3), we deduce that F' is right t-exact (see [HA, Definition 1.3.3.1]).
The Lemma 4.6 implies that the induced map C>o — Sps( preserves geometric realizations of simplicial

objects. Applying [HA, Proposition 1.4.3.9] that Sp 27,08 preserves small sifted colimits, we conclude that
f | >0 preserves geometric realizations as well. O

Proposition 4.8 (See [Ste23] Proposition 2.4.8). Let C be a projectively generated Grothendieck prestable
oco-category. Then

(1) The truncation functor Hy : C — C¥ sends projective objects to 1-projective objects and compact objects
to compact objects.

(2) The O-truncations of the compact projective objects of C provide a family of compact 1-projective gen-
erators for CY.

(3) The functor h(m) : h(€) — € induced at the level of homotopy categories restricts to an equivalence
between the full subcategories of (compact) projective objects and (compact) 1-projective objects.

Proof. We first prove (1). The fact that mp sends compact objects to compact objects follows directly from
the fact that the inclusion €Y — @ preserves filtered colimits. The fact that 7y sends projective objects to
1-projective objects follows from Proposition 4.7.

Item (2) follows directly from (1) together with the fact that 7y is a localization. It remains to establish (3).
We first prove fully faithfulness. Let X, Y be a pair of projective objects of €. Then the map Mape(X,Y) —
Mapeo (m0(X), m0(Y)) induced by m is equivalent to the map 7, : Mape(X,Y) — Mape (X, 79(Y)) of
composition with the unit 7 : Y — 7(Y). The fact that X is projective and 1 induces an equivalence on 7
implies that 7, is an effective epimorphism. Its fiber is given by Mape (X, 7>1(Y")) which is connected since
X is projective. We conclude that 7, induces an equivalence on 7, and therefore h(mg) is fully faithful when
restricts on the full subcategory of projective objects.

It remains to prove the essential surjectivity. In other words, we have to show that every (compact) 1-
projective object of €Y is the image under 7y of a (compact) projective object of C. We will establish the
case of compact projective objects, and the proof in the projective case being similar. Let Y be a compact
I-projective object of C€¥. Applying (2) we may find a compact projective object X in € such that Y is a
retract of mo(X). Let r : mo(X) — m(X) be the induced retraction. The fully faithfulness part of (3) allows
us to lift 7 to an idempotent endomorphism p of X inside h(€). Let X’ be a representative in C of the image
of p. Then X’ is a direct summand of X (see similar argument in [HA, Lem. 1.2.4.6]) and therefore it is
compact projective. The proof finishes by observing that 7o(X’) = Im(r) =Y. O

Remark 4.9. We did not use A in the above because the proposition does not require a monoidal structure.

Proposition 4.10. Let R be in Alg(A>o) and P € LModg(A)>¢. Then:

(1) The P is a projective R-module if and pnly if every map X — P in LModg(A)>¢ which induces an
epimorphism on wy admits a section.

(2) If P is a projective R-module, then moP € LMod,r(AY) is a I-projective discrete moR-module in the
sense for an abelian category.
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Proof.

(1) This is by equivalent conditions of Proposition 4.7 (1) and (2).

(2) Combining the (1) and the equivalence Mapyyoay ()5, (P M) 2~ Mappyjoq, (a@) (0P, M) for a discrete
moR-module M, we win. O

Corollary 4.11. Let R € Alg(Asq). Then the heart LMod,,r(A%) has enough projectives as an abelian
category.

Proposition 4.12. Let R be in Alg(A>o) and P € LModg(A)>o. Then P is projective if and only if there
exists a small collection of compact projective modules {Py} in LModgr(A)>o such that P is a retraction of
Do Py .

Proof. Suppose first that P is projective. By the projective generation there exists an equivalence of left
R-modules
colim, M, = P

where each M, is compact projective. Then the induced map ®,moM, — 7P is epimorphic. Invoking
Proposition 4.7, we deduce that p admits a section (up to homotopy), so that P is a retract of M. To prove
the converse, we observe that the collection of projective left R-modules is stable under small coproducts
and retracts by Proposition 4.7. O

4.2 Projective rigidity and Lazard’s theorem

Definition 4.13. We say a presentably symmetric monoidal Grothendieck prestable oo-category C® €
CAlg(Grothy) is projectively rigid if it satisfies the following;:

(1) The € is projectively generated.

(2) The €% = €I i.e. the dualizable objects coincide with compact projective objects.

We also say a ttt-oo-category (B®,Bso) is algebraic if B is Grothendieck (see Definition 1.14) and BE, is
projectively rigid. We will discuss more details about projective rigidity and algebraic ttt-oo-categories in
Section 8.

Remark 4.14.

(1) Warning: In general, (A>)? C AYNA>q because the dual of an object X € AYNA>g is not necessarily
connective! However, that holds exactly when X is flat, see Proposition 3.14(3), which claims that
(.Azo)d = AN AL,

(2) Suppose that ‘Ago is projectively rigid. Then the symmetric monoidal Grothendieck prestable co-

category Ago can be identified with the symmetric monoidal projective cocompletion Py (.Aczpomj )®.
And the heart (AY)® is 1-projectively rigid.

(3) The Modg(Sp>()® is projectively rigid for any connective Eoo-ring R, see [SAG, Prop. 2.9.1.5].

Proposition 4.15. Suppose that Ago is projectively rigid. Then:

(1) The A® is compactly rigid, meaning the compact objects and dualizable objects in it coincide. Partic-
ularly we have A® € CAlg(Prk ).
(2) Let R be in CAlg(Aso). Then Modgr(A>o)® is projectively rigid too.

(3) Let R be in CAlg(Aso). Then Modgr(A)® is compactly rigid too.
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Proof.
(1) Since A is right complete, the collection of connective cover functors {7>_,|n > 0} is jointly conser-
vative. Therefore by Lemma 3.1, A is generated by {£~"Pln > 0, P € AZ7?} under small colimits. By

Proposition A.10 (4), we have {¥~"P|n > 0,P € Agg‘)j} C A% and hence A° = A%
(2) Since the symmetric monoidal functor

A2y T2, Modp(Az0)®

preserves compact projective objects and dualizable objects, we conclude that

(¢) The unit R is dualizable in Modg(A>q).

(i) The R® P is dualizable in Modg(A>¢) if P € A> is compact projective.

So the full subcategory of dualizable objects Modg(A>q)? contains {R ® X|X € A%]*}. Then combining
Lemma 3.1 (2) and Proposition A.10 (2)(3), we get Modg(A>0)?"™* C Modg(A>0)?. And that the unit R
is compact projective implies the equality Modg(A>q)®?"% = Modg(A>o)?.

(3) Apply the (1) and (2) to Modg(A)®, we win. O

Proposition 4.16. Suppose that Ago is projectively rigid. Let R € CAlg(A>o) and M € Modgr(A)>o. Then
M is compact projective if and only if it is dualizable in Modg(A)® and flat.

Proof. This is directly by combining the projective rigidity and Proposition 3.14 (3). O
Proposition 4.17. Suppose that Ago is projectively rigid. Let R € Alg(A>o) and M be a connective left
R-module. Then: -

1) If M is projective, then M 1is flat.

2) The M is compact projective if and only if it is left dualizable in LModgr(A>o).

3) The M is (compact) projective if and only if it is flat and woM is (compact) 1-projective in LMod,r(A").

(1)
(2)
(3)
(4) Suppose that R € Alg(A®) is discrete. Then M is flat if and only if M is discrete and flat over moR
in the sense of Definition 2.11.

Proof.

(1) Since flat modules are closed under small coproducts and retractions, we reduce to the case M = R® P
where P € AZ7?. That is easy because (—) ®g (R® P) ~ (—) ® P reduces to the case R = 1, which is
deduced by Proposition 4.16.

(2) By Corollary A.14, we see that left dualizable objects are closed under finite coproducts and retracts.
We observe that every R ® P is left dualizable (given by PV ® R), which proves “only if” direction. For the
“if” direction, if M is left dualizable, then it follows from

Mappnodp (aso) (M, —) = Mapy (1, M ®g —)

and compact projectivity of the unit.

(3) By the (1) we have that every projective left R-module is flat. Secondly, the fact that m sends projective
objects to 1-projective objects was already observed in Proposition 4.10. This finishes the proof of the “only
if” direction.

Assume now that M is flat and moM is (compact) 1-projective. Applying Proposition 4.8 we may find a
(compact) projective R-module M’ and an isomorphism mgM’ = mgM. The fact that M’ is projective allows
us to lift this isomorphism to a map f : M’ — M. We observe that f is an equivalence by Proposition 3.25(2).
(4) The “only if” direction follows from (1) and M ~ R ®pg M. For the “if” direction, given a discrete right
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R-module N, we wish to show that N ®z M is discrete too. Take a map f : P — N of right R-module such
that P is projective and f induces an epimorphism on my. Then we have exact sequence

0 — mo fib(f) = moP — moN — 0
and hence fib(f) is discrete. Now tensoring with M, we get an exact sequence
0 — mo(fib(f) ®r M) = mo(P @r M) — mo(N @gr M) — 0
by 1-flatness and the commutative diagram of relative tensor product functors.

RModg(Aso) 22" 4.,

b e

VR RToM
RMod,, g(A%) 2050 o

Because P is also flat by (1), we see that m (N ®g M) = 0. We actually have proved for any discrete right
R-module N has the property 71 (N @r M) = 0. Then by induction on n we get that m,(fib(f) @r M) =
Tn+1(N ®p M) =0 for all n > 0, which implies N ® g M is discrete. O

Theorem 4.18 (Lazard’s Theorem). Suppose that A%, is projectively rigid. Let R € Alg(Aso) and M €
LModg(A)>o. Then M is a flat left R-module if and only it it is equivalent to a filtered colimit of compact
projective left R-modules.

Proof. We take the strategy in [Ste23, Prop. 2.2.22]. The “if” direction can be concluded by combining
Proposition 4.16 and Proposition 3.14 (1).

For the “only if" direction, assume now that M is flat. Let LM denote the full subcategory of LM =
LModpg(A)>o spanned by compact projective objects and consider the functor F(—) : (LM)°" — 8§ repre-
sented by M. We wish to show that this functor defines an ind-object of LMP. Let (—)Y : RMP — (LM®P)°P
be the dualization equivalence introduced in Corollary A.13. We will prove that F((—)V) : RM® — § defines
a pro-object of RMCP.

Let p: &€ — RM be the left fibration associated to the functor Map,_ (1,—®r M) : RM — 8. Then the
base change of p to RMCP is the left fibration classifying F'((—)"). We have to show that every finite diagram
G :J— & Xgy RMP admits a left cone. The fact that M is flat implies that the functor

Mapy. (1,-®gr M) : RM — 8

is left exact, and therefore € is cofiltered and G extends to a left cone G : 9 — &. Let N = (M,p: 1 — N @p M)
be the value of G at the cone point. To show that G extends to a left cone in & X gy RMCP it is enough
to prove that N receives a map from an object in € X gy RMP. This amounts to showing that there exists
a map N’ — N from a compact projective right R-module N’ with the property that p factors through
N’ ®@pr M. This follows from the fact that 1 is compact projective in Asg. O

4.3 Modules over discrete algebras

Theorem 4.19. We have:

(1) For any discrete R € Alg(A®) there exists a (unique up to contractible choices) equivalence in Pri"e®

D(LMod, z(A%)) =5 LModg(A)

which induces the identity functor on the heart.
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2) Assume that the A2, is projectively rigid. Then for any discrete commutative algebra R € CAlg(A®
>0
there exists a (unique up to contractible choices) equivalence in CAlg(Prl o)

D(Mod,r(A%))® = Modg(A)®

which induces the identity functor on the heart, where the symmetric monoidal structure on left-hand
side is induced by projective model with tensor product of chain complexes.

Proof.
(1) Since we have Px;(LModg(A>o)?"%7) ~ LModg(A>¢), the result follows from

LMOdR(.AZO)cproj ~ LMOdﬂ-OR(.Ao)CprOj

and that the inclusion LMod,, (A" )P — D(LMod,r(A"))>0 induces an equivalence Ps;(LMod -, g(AY)Pre7) ~
@(LMOdﬂ—OR(.AU))Zo. )

(2) By remark Remark 4.14(1), it suffices to show that D(Mod,r(A%))E, ~ Ps;(Mod, r(AY)P9)® is the
symmetric monoidal projective cocompletion [see HA, Prop. 4.8.1.10]. That is to show the following:

(a) The natural inclusion Mod, g(AY )P — D(Mod,r(A%))>0 is a symmetric monoidal functor which
preserves finite coproducts.

(b) The D(Mody,r(AY))E, is presentably symmetric monoidal.

(¢) The inclusion induces an equivalence Ps(Mod,z(AY)?"%7) ~ D(Mod,r(AY))>0.

The (a) and (c) follow directly from the construction of projective model on derived category. The (b) follows
from [HA, Prop. 1.3.5.21] and the explicit internal hom construction in D(Mod,r(A"))

Map,, (M., N.), = [ [ Homy (M, Nyvyp)
neZz

for each integer p, where we denote D = D(Mod,,z(A")) and M = Mod,,z(A"). We view Map , (M., Ny,
as a chain complex with values in M, with differential given by the formula

(df)(z) = d(f(z)) — (=1)" f(dx)
for f € Mapy, (M*,N*)p. O

Remark 4.20. In fact, by our argument the uniqueness in above theorem can be promoted as which induces
the identity functor on compact 1-projective myR-modules in the heart.

4.4 Cohn localizations of E,-algebras

There is a notion of Cohn localization or Cohn localization [Coh71; Sch85] which forces not just elements
of the ring to become invertible but forces more general some maps between finitely generated projective
modules to become invertible, as the following.

Theorem 4.21 ([Sch85] Theorem 4.1). Let A be an associate ring. Let ¥ be a set of morphisms between
finitely generated projective right A-modules. Then there are a ring As, and a morphism of rings fx,: A —
Ay, called the universal localisation of A at X, such that

(1) fx is T-inverting, i.e. if a : P — @Q belongs to 3, then a ®4 14, : P®4 Ay, — Q ®4 Ax is an
isomorphism of right As-modules, and

(2) fs is universal L-inverting, i.e. for any Y-inverting ring homomorphism 1 : A — B, there is a
unique ring homomorphism v : Ay, — B such that i fs, = 1. Moreover, the homomorphism fx is a
ring epimorphism and Tori (As, As) = 0.
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This theorem also works for commutative rings, which is the case we mainly care. See [Ang+20] for a relation
between Cohn localizations and epimorphisms between commutative rings.

Neeman constructed the Cohn localization in the derived category of a commutative ring in [Nee+06, §4].
That motivates us to give a higher categorical correspondence.

The Cohn localization is very useful in our abstract framework because most interesting cases are only
projectively generated but not freely generated, unless it is the module category over an [E.,-ring spectrum.
Our main result is the following.

Theorem 4.22. Assume that A?O is projectively rigid. Let R € CAlg(A>o) and

S = {Pﬁ Qs}

be a set of morphisms between compact projective R-modules. Then there exists a Cohn localization R —
R[S71] € CAlg(Ax¢) satisfying the following universal property:
For any B € CAlg(A), the induced map

MapCAlg(A)(R[S_l]v B) = Mapgaiga) (R, B)

is a (—1)-truncated map whose image on my consists those maps R — B such that for each fz € S the
B ®gr P3s =+ B®pg Qg is an equivalence of B-modules.

Remark 4.23. (1) See [Hoy20, §3] and [Man23, §3.4] for discussions in the case where Qg = 1 for each
B, which is related to Moore objects in general settings.

(2) It is not hard to see that the Cohn localization is unique up to contractible choices.

Before the proof of theorem, we introduce some useful lemmas.

Lemma 4.24 (See [Ara25| B.5). Let € 2 B be a cocartesian fibration of co-categories. Let {Sylb € B} be
given collections of morphisms such that S, C Fun(A',Cy) for each b € B. We denote S = |, Sp. If for
any morphism s — t € B the cocartesian transformation Cs — C; sends Sy into Si, then the induced functor
q:D = C[S™] — B from the localization of € at S is a cocartesian fibration and canonical functor

C——D
K /
B

preserves cocartesian edges and exhibits Dy ~ Cy[S, ] for each b € B. And for any cocartesian fibration
& — B, the composition induces a fully faithful embeddzng

Fun{3 ™ (D, €) — Funf5" (€, €)
whose image consists of those cocartesian functors over B sending S to equivalences in €.

Remark 4.25. (1) Note that a cocartesian functor € — & over B sends S to equivalences in € if and only
if the induced functor on each fiber G, — &; sends Sp to equivalences in .

(2) The lemma above is a generalization of [HHA, Prop. 2.2.1.9], which gives a construction in the case of
reflective localization.

Corollary 4.26. Let C® be a symmetric monoidal co-category and S be a collection of morphisms in C
satisfying that f @ g € S if both f,g € S. Then the localization D = C[S™] inherits a natural symmetric
monoidal structure and the localization can be promoted to a symmetric monoidal functor C® — D® satisfying
the universal property that for any symmetric monoidal co-category E® the composition induces a fully faithful
embedding

Fun?N(Fm*)(D LED) = Fun/N Fine) (C®,€%)

whose image consists of those symmetric monoidal functors sending S to equivalences in &.
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Lemma 4.27. Let C® ﬁ) D® ¢ CAlg(Prl). Let G® : D® — C® be the relative right adjoint of F®. If @
is generated by dualizables under small colimits and G is conservative and small-colimit-preserving, then the
G® is symmetric monoidal monadic, i.e. there exist an R € CAlg(C) and a symmetric monoidal equivalence
Modg(€)® ~ D® such that the following diagram is commutative.

Modz(€)® —— > D¥

\/

Proof. By [HA, Cor. 4.8.5.21], it suffices to show that G satisfies the projection formula, that is, for every
object C € Cand D € D, the canonical map C®G(D) — G(F(C)®D) is an equivalence. By the assumption,
it suffices to verify the case C is dualizable. In this case, for any M € C we have

Mape(M,C @ G(D)) ~ Mape (CY ® M, G(D)) ~ Mapy, (F (C¥Y @ M), D)
~ Map,, (CV ® F(M), D) ~ Mapy (F(M),C ® D) ~ Mape(M,G(C ® D)).

That indicates the projection formula holds. O

Proof of Theorem 4.22:

Let S; C Fun(A', Modg(A>o)) consists of morphisms {X, ®r f5|Xa € Modg(A>0)?"%, f3 € S}. Then
S; is small and thereby generates a strongly saturated class S; of small generation (see [HTT, §5.5.4] for
definition). Then the S; C Fun(A!, Mod R(Az(])) satisﬁes conditions in Corollary 4.26, thereby it produces a

symmetric monoidal localization Modg(A>)® e, Modg(A>0)[S; ]® = D® such that F'® € CAlg(Prl).
Since D € Modg(As) closed under finite products, it lies in CAlg(PrL,) and F® € CAlg(PrL,).

Now we wish to show that F® satisfies conditions in Lemma 4.27. It suffices to verify that D C Modg(A>o)
closed under small colimits, i.e. Si-local objects are closed under small colimits. Unwinding the definition,
a connective R-module M is Si-local if and only if

Mapyiod(as,) (Xa @r Qs M) = Mapyod,(ase)(Xe ®r P, M)
is equivalent for any X, ®p fs € S1. However, this map can be identified with
MaPyodp (As0) (Xas @F ©r M) = Mabyioq ,(aso) (Xas P§ ®r M).

So by the projective generation, M is Si-local if and only if fj ®@r M : Qf ®@r M — Py ®@g M is equivalent
for each fz € S. That implies Si-local objects are closed under small colimits. So there exist an R[S™!] €
CAlg(A>o0) g/ and an equivalence MOdR[S—l](AZO)® ~ D® such that the following diagram is commutative.

Mod gis-17(A>0)® = D®

1\40(13(./[20)®

Now given B € CAlg(A), we need to show that the induced map
Mapcaiga) (RIS™'], B) = Mapcajga) (R, B)

is a (—1)-truncated map whose image on my consists those maps R — B such that for any 5 € J the
B ®gr Ps — B®pg Qg is an equivalence of B-modules. Without loss of generality, we can assume that B is
connective. By [HA, Cor. 4.8.5.21], we have the following Morita embedding,

CAlg(Aso) — CAlg(Trﬁd)Ago/
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therefore it suffices to show that the F'® induces a fully faithful embedding

Fun (i) (Mod gis-1](A20)®, Mod g (A50)®) = Fun’yf,  (Modg(A0)®, Mod s (A20)®)

/N(Finx«)

whose image consists of those functors sending S to equivalences in Modg(A>¢), where Fun%}%mn*) denotes

symmetric monoidal functors which preserve small colimits. However, that is implied by Corollary 4.26.

O

Remark 4.28. The argument above works for a set S C Fun(A!, %) of morphisms between dualizables
inside an arbitrary presentably symmetric monoidal co-category €® which is generated by dualizables under
small colimits.

Proposition 4.29. Let fs : R — R[S™'] € CAlg(A>o) be the Cohn localization at S in Theorem /.22.
Then the map mofs : moR — mo(R[S™Y]) exhibits mo(R[S™]) =~ (moR)[(70S) ] as the Cohn localization of

moR at mpS in the sense of Theorem 4.34, where myS = {moPgs Wo—fﬁ> m0Qg|fs € S}.

Proof. Tt follows immediately from the universal property of the Cohn localization. O

Proposition 4.30. Let fs: R — R[S™1] be the Cohn localization at S in Theorem 4.22. Then:

(1) The R[S™'] is an idempotent commutative R-algebra.
(2) The fs is flat?2?

Proof.
(1) It suffices to show that the following diagram is a pushout in CAlg(A>g),

R — R[S}
|

|

RIS™] —— R[S~"]

i.e. to show that fg is an (co-categorical) epimorphism in CAlg(A>¢). That is implied by the description of
mapping spaces in Theorem 4.22.
(2) 777 O

Definition 4.31. We say a map A — B € CAlg(A>o) is a (finitary) Cohn localization if there exists a
(finite) set S of morphisms between compact projective R-modules such that B ~ A[S™!].

Remark 4.32. Note that if S = {F; EN Q;} is finite, then A[S~'] ~ A[f~!] is equivalent to the Cohn
localization at the single element f = €, f.

Proposition 4.33. Let A — B € CAlg(Ax¢) be a finitary Cohn localization. Then B is finitely presented
over A.

Proof. By the remark above, we can assume that S = {f} consists of a single element. Now given a filtered
colimit of connective commutative A-algebras @a C, = C we need to show that the natural map

lim Mapcaigas) ., (B> Ca) = Maboaigas,),, (B, C)
(e
is an equivalence. By Proposition 4.30(1), each mapping space above is empty or a single point. If the

MapCAlg(A>O)A/ (B, C) = (), then nothing needs to prove.

Now assume that Mapcaigia.,) ., (B, C) ~ {x}, we wish to show that there exists an « such that Mapcaig(aso) ., (B,C,)

is not empty. By assumption, the natural map f ® 4 C' is an equivalence, thereby cofib(f) ® 4 C = 0. Since
cofib(f) is a compact A-module, there exists an « such that the natural map cofib(f) — cofib(f) ®4 C,, is
zero. That implies cofib(f) ®4 Co = 0 and we are done. O
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4.5 Cohn localizations in an abelian category

Theorem 4.34. Let A® be a I-projectively rigid symmetric monoidal Grothendieck abelian category. Let
R € CAlg(A) and

S=1{Ps 7 Q)

be a set of morphisms between compact 1-projective R-modules. Then there exists a Cohn localization R —
R[S~ € CAlg(A) satisfying the following universal property:
For any B € CAlg(A), the induced map

Homcajg(a)(R[S™'], B) — Homcaig(a) (R, B)
is an injection whose tmage consists those maps R — B such that for each fz € S the B&®r P3 -+ B®r Qg

is an equivalence of B-modules.

Proof. The proof is parallel with the proof of Theorem 4.22. Also see Remark 4.28. We just need to replace
the Morita embedding CAlg(A>q) — CAlg(?rgd)Ag , in the argument by
= >0

CAlg(A) — CAlg(Prly )as,
to adapt the 1-categorical setting. O
Proposition 4.35. Let fs: R — R[S™!] be the Cohn localization at S in Theorem 4.3). Then:

(1) The R[S™'] is an idempotent commutative R-algebra.
(2) The fs is flat???

Proof.
(1) It suffices to show that the following diagram is a pushout in CAlg(A),

If —— R[STY
|
R[S~!] —— R[S~

i.e. to show that fs is an epimorphism in CAlg(A). That is implied by the description of the Hom set in
Theorem 4.34.

(2) 777 O
Definition 4.36. Let A® be a 1-projectively rigid symmetric monoidal Grothendieck abelian category. We

say a map A — B € CAlg(A) is a (finitary) Cohn localization if there exists a (finite) set S = {Pj ELN Qgs}
of morphisms between compact 1-projective R-modules such that B ~ A[S™!].

Remark 4.37. Note that if S = {F, EIN Q;} is finite, then A[S™!] = A[f~!] can be written as the Cohn
localization at a single element f = @, f;.

Proposition 4.38. Let A® be a 1-projectively rigid symmetric monoidal Grothendieck abelian category. Let
A — B € CAlg(A) be a finitary Cohn localization. Then B is finitely presented over A.

Proof. The proof is similar to Proposition 4.33 but we need to take a different strategy because the kernel
is not preserved by base change.

Let A® = D(A)®. By Theorem 4.19 we have that AY® ~ A® and A% = A%, Let A'[S™'] be the
(higher) Cohn localization at S in the sense of Theorem 4.22. Then A’[S™'] is compact in CAlg(Axo)a,

by Proposition 4.33. Therefore moA’[S™!] is compact in CAlg(A),4,. However by Proposition 4.29 the
A[S7Y = mpA'[S™1]. We are done. O
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Proposition 4.39. Let A® be a 1-projectively rigid symmetric monoidal Grothendieck abelian category and
A — B € CAlg(A) be a map of finite presentation. If A — B is epimorphic in A and the kernel I satisfies
that I = I, then there exists a morphism f between compact projective A-modules such that A — B ~ A[f~1]
is a principle Cohn localization??

5 Finiteness properties

Throughout Section 5, we assume that A is Grothendieck and that A>q € Prl.

5.1 Perfect and almost perfect modules

Definition 5.1. Let R € Alg(A). We say a left R-module M is perfect if it is compact in LModr(A).
Proposition 5.2. Let R € Alg(A>¢) and M be a left R-module. If M is perfect, then M is bounded-below.

Proof. By the right completeness we have M ~ ligTZ_nM , then the compactness of M implies that M is
a retract of 7>_, M for some n. O

Definition 5.3. Let C be a presentable co-category. We will say an object C' € € is almost compact if 7<,,C
is a compact object of 7<,, € for all n > 0.

Remark 5.4. Let C be a compactly generated co-category. Then every compact object of C is almost
compact by [HTT, Corollary 5.5.7.4].

Definition 5.5. Let R € Alg(A>¢) be a connective E;-ring object. We will say a left R-module M is almost
perfect if there exists an integer k such that M € LModg(A)>, and is almost compact as an object of
LMOdR(.A)Zk.

We let LModg(A)*Pf ¢ LModg(A) denote the full subcategory spanned by the almost perfect left R-
modules.

Proposition 5.6. Let R € Alg(A>). Then:

(1) The full subcategory LModg(A)®¢f C LModg(A) is closed under translations and finite colimits, and
is therefore a stable subcategory of LModg(A).

(2) The full subcategory LModg(A)®¢f C LModg(A) is closed under the formation of retracts.
(3) Every perfect left R-module is almost perfect.

(4) The full subcategory LModg(A)2 C LModg(A) is closed under the formation of geometric realiza-
tions of simplicial objects. B

Proof. Proof. Assertions (1) and (2) are obvious, and (3) follows from Remark 5.4. To prove (4), it suffices
to show that the collection of compact objects of LModg(A)[o,n is closed under geometric realizations, which
follows from [HA, Lemma 1.3.3.10]. O

Proposition 5.7. Assume that As is projectively generated. Let R € Alg(Aso) and M € LModg(A) %<
be a left R-module which is connective and almost perfect. Then M can be obtained as the geometric realiza-
tion of a simplicial left R-module P, such that each P, is a compact projective left R-module in LModg(A)>o.

Proof. We mimic the proof in [[A, Prop. 7.2.4.11] and carefully replace “free” by “projective”. In view of
oo-categorical Dold-Kan correspondence, it will suffice to show that M can be obtained as the colimit of a

sequence

D(0) 5 D(1) & D) - ...
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where each cofib(f,,)[—n] is a compact projective left R-module; here we agree by convention that fo denotes
the zero map 0 — D(0). The construction goes by induction. Suppose that the diagram

D) = ...—»Dn) L M

has already been constructed, and that N = fib(g) is n-connective. Part (1) of Proposition 5.6 implies that
N is almost perfect, so that the bottom m, N is a compact object in the category of left myR-modules. It
follows that there exists a map S : @[n] — N, where @ is a compact projective left R-module because the
LModg(A)>o is projectively generated. And § induces a surjection moQ — 7, N. We now define D(n + 1)

to be the cofiber of the composite map Q(n) SN & D(n), and construct a diagram

D(0) ... D(n) > Dn+1) L M
Using the octahedral axiom of triangulated category, we obtain a fiber sequence
Q[n] — fib(g) — fib(g)

and the associated long exact sequence in A% proves that fib(¢’) is (n + 1)-connective. In particular, we
conclude that for a fixed m > 0, the maps 7, D(n) — 7, M are isomorphisms for n > 0, so that the natural
map h%mD(n) — M is an equivalence of left R-modules by the left completeness, as desired. O

Proposition 5.8. Assume that Ago is projectively rigid. Let R € Alg(A>o) and let M be a connective left
R-module. Then the following are equivalent:

1) The M is a compact projective left R-module.

3

(1)

(2) The M is a perfect and flat left R-module.

(3) The M is a almost perfect and flat left R-module.
(4)

4) The M is a flat left R-module and moM 1is finitely presented over moR.

Proof. The (1) = (2), (2) = (3) and (3) = (4) are obvious. For (4) = (1), by Proposition 2.16, we conclude
that mo M is compact 1-projective over mgR. Then by Proposition 4.17, we get that M is a compact projective
left R-module. O

Definition 5.9. Let R € Alg(A>(). We will say a left R-module M has Tor-amplitude < n if, for every
discrete right R-module N, the 7;(N ® g M) vanish for i > n. We will say M is of finite Tor-amplitude if it
has Tor-amplitude < n for some integer n.

Remark 5.10.

(1) In view of Proposition 3.15, a connective left R-module M has Tor-amplitude < 0 if and only if M is
flat.

(2) Assume that A is hypercomplete. Then a connective left R-module M has Tor-amplitude < —1 if and
only if M = 0.

Proposition 5.11. Assume that Ago is projectively rigid. Let R € Alg(A>¢). Then:

(1) If M is a left R-module of Tor-amplitude < n, then M[k] has Tor-amplitude < n + k.

(2) Let
M — M — M"

be a fiber sequence of left R-modules. If M’ and M" have Tor-amplitude < n, then so does M.

(3) Let M be a left R-module of Tor-amplitude < n. Then any retract of M has Tor-amplitude < n.
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(4) Let M be an almost perfect left module over R. Then M is perfect if and only if M has finite Tor-
amplitude.

(5) Let M be a left module over R having Tor-amplitude < n. Then for every N € RModg(A)<o, the
m; (N ®@g M) vanishes for each i > n.

Proof. We mimic the proof in [HA, Prop. 7.2.4.23] but carefully replace “free” by “projective”. The first three
assertions follow immediately from the exactness of the functor N — N ®z M. It follows that the collection
left R-modules of finite Tor-amplitude is stable under retracts and finite colimits and desuspensions, and
contains all compact projective left R-modules. This proves the “only if" direction of (4) by Proposition 4.3.
For the converse, let us suppose that M is almost perfect and of finite Tor-amplitude. We wish to show
that M is perfect. We first apply (1) to reduce to the case where M is connective. The proof now goes
by induction on the Tor-amplitude n of M. If n = 0, then M is flat and we may conclude by applying
Proposition 5.8. We may therefore assume n > 0.

Since M is almost perfect, there exists a compact projective left R-module P and a fiber sequence
M PLoy

where f induces an epimorphism on 7. To prove that M is perfect, it will suffice to show that P and M’ are
perfect. It is clear that P is perfect, and it follows from Proposition 5.6 that M’ is almost perfect. Moreover,
since mg f is surjective, M’ is connective. We will show that M’ is of Tor-amplitude < n — 1; the inductive
hypothesis will then imply that M is perfect, and the proof will be complete.

Let N be a discrete right R-module. We wish to prove that 7 (N ® g M') ~ 0 for k > n. Since the functor
N ®pg e is exact, we obtain for each k an exact sequence

i1 (N @g M) — (N @ M') — (N @5 P)

The left entry vanishes in virtue of our assumption that M has Tor-amplitude < n. We now complete the
proof of (4) by observing that m; (N ® g P) vanishes because N is discrete and P is flat and k£ > n > 0.

We now prove (5). Assume that M has Tor-amplitude < m. Let N € RModg(A)<o; we wish to prove that

mi(N ®r M) ~ 0 for 4 > n. Since N ~ limr>_,, N, it will suffice to prove the vanishing after replacing N
HmT>

by 7>, N for every integer m. We may therefore assume that N € RModg(A)[_y, o) for some m > 0. We

proceed by induction on m. When m = 0, the desired result follows immediately from our assumption on

M. If m > 0, we have a fiber sequence

Tzlme — N — (ﬂ',mN) [—m]
hence an exact sequence
T (T31=mN) @r M) = 1 (N @p M) = Tigm (T_N @p M)

If ¢ > n, then the first group vanishes by the inductive hypothesis, and the third by virtue of our assumption
that M has Tor-amplitude < n. O

Proposition 5.12 (See [HA] Remark 7.2.4.24 for the case of spectra).
Assume that Ago is projectively rigid. Let R € Alg(Aso), and let C be the smallest stable subcategory of

LModg(A) which contains all compact projective modules. Then € = LMod%™ (A).

Proof. The inclusion € C LMod¥ rf (A) is obvious. To prove the converse, we must show that every object
M € LMod?"7 (A) belongs to €. Invoking Proposition 5.2, we may reduce to the case where M is connective.
We then work by induction on the (necessarily finite) Tor-amplitude of M. If M is of Tor-amplitude < 0,
then M is flat and the desired result follows from Proposition 5.8. In the general case, we choose a compact
projective R-module P and a map f : P — M which induces a surjection mgP — moM. We may conclude
that that fiber K of f is a connective perfect module of smaller Tor-amplitude than that of M, so that K € C
by the inductive hypothesis. Since P € € and € is stable under the formation of cofibers, we conclude that
M € C as desired. O
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5.2 Finite presentation and almost of finite presentation
Definition 5.13. Let f: A — B be a map in CAlg(A>o).

(1) We say f: A — B is locally of finite presentation (or finitely presented) if B is a compact object in
CAlg(AZO)A/~

(2) Wesay f: A — B is almost of finite presentation if 7<,, B is a compact object in CAlg(Ajg n))r_, /-

Remark 5.14. Suppose given a commutative diagram in CAlg(A>o)

where B is of locally of finite presentation over A. Then C is locally of finite presentation over B if and only
if C is locally of finite presentation over A. This follows immediately from [HTT, Proposition 5.4.5.15].

Proposition 5.15. Suppose further that A>q is projectively generated. Let f : A — B € CAlg(Asq) be a
map of finite presentation. Then there exists compact projective A-modules M, N and a diagram

Sym%(N) —— A

P

Sym} (M) —— B

such that the map B' — B induces an isomorphism on my, where B’ is the pushout of above diagram in
CAlg(A>o) and « is the natural augmentation. (Beware that the ¢ here is not necessarily induced by a map
of modules N — M ).

Proof. Firstly, by Corollary 4.11 there exists a set of compact projective A-modules {P,|a € I} and a
map P = &,P, — mB of A-modules which induces an epimorphism on 7g. Then there exists a lifting of
A-module map

7 l

P B

by Proposition 4.10. This lifting induces an A-algebra map Sym’ (P) — B, which induces an epimorphism
on 7y (as objects in AY) by our construction. Since f : A — B is of finite presentation and A is Grothendieck,
the o B is a compact object in CAlg(Mod,,4(A%)). That implies there exists finite collection {P;} such
that the composition Sym’ (46, P;) — Sym’ (P) — B induces an epimorphism on 7, by taking the filtration
of images of my Sym’ (®,csP;) — moB where J C I is a finite subset. We take M = @;P; and N’ =
fib(Sym’% (M) — B), then N’ is a connective A-module by our construction. By similar argument as
previous, there exists a set of compact projective A-modules {Q,|a € I} and a map Q = ®,Q, — N’
of A-modules which induces an epimorphism on 7y. Then there exists finite collection {Q;} such that the
induced map (;Q;) ®4 Sym’ (M) — N’ of Sym’ (M )-modules induces an epimorphism on 7, by taking
the filtered diagram of o Sym’ (M)/Im mo(B;Q; ®4 Sym’ (M)) — meB where Jy C I is a finite subset.
Take N = &;Q;, we are done. O

6 Faithful and descendable algebras

6.1 Faithful algebras

Definition 6.1. Let f: R — S € Alg(A).
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(1) We say f is left faithful if the tensor product functor fi = S ®g (=) : LModg(A) — LModg(A) is

conservative.

(2) We say f is bounded left faithful if f € Alg(A>¢) and the tensor product functor fi = S Qg (—) :
LModg(A)~ — LModg(A)~ is conservative when restricting on bounded below modules.

Proposition 6.2. Letn: A — M € Der and o : A — A be the induced square-zero extension in CAlg(A)
(see Definition 7.4). Then the a is faithful.

Proof. We consider the following pullback diagram in CAlg(A), and hence also a pullback diagram in
Mod A (.A)

Now given an A-module X such that X ® i A =0, we wish to show that X = 0 too. Because the following
diagram is pullback in Mod ;(A),

X=X®A4—>X®AA=0

| l

0=X®;A — X®;(AeM)=0

we get X = 0. O

Remark 6.3. In fact, any square-zero extension o : A — A in CAlg(A) is descendable. We will see that in
Corollary 6.14.

Definition 6.4. Let a : A — A be amap in Alg(Asq). We say a is a nilpotent thickening if the I = Ker(mpa)
is a nilpotent ideal of mgA (i.e. I"™ = 0 for some n > 1).

Theorem 6.5 (Nakayama lemma). Assume that A is hypercomplete. Let « : A — A be a nilpotent thickening
in Alg(Aso). Then f is both left and right bounded faithful.

Proof. Let I denote the Ker(mya). Suppose that M € LMod 4(A)~ is a bounded below module such that
A®;z M = 0. We wish to show M = 0. Now suppose that M # 0, without loss of generalization, we can
assume that M is connective and moM # 0. Then wOA@m imoM ~ 7<g(A®; M) = 0 where ® denotes the
tensor product in the heart. Therefore I - mgM = mgM. However I is nilpotent so mgM = 0, which leads to
a contradiction. O

Remark 6.6. In general, a nilpotent thickening is not faithful, and hence not descendable. A basic counter-
example is the truncation map S — HZ of E..-ring spectra, which is a nilpotent thickening but not faithful.
Indeed, given a prime p and a natural number n, consider the spectrum K (n) of the corresponding Morava
K-theory. Then we have H.(K(n)) =0, while m,(K(n)) # 0 (see [Rud98, Chap. I1X.7.27]). That means the
base change functor

Sp ~ Modg(Sp) — Modyz(Sp) ~ D(Z)

is not conservative.

6.2 Descendable algebras

Now let us recollect the notion of descendable algebras.

Definition 6.7. Let C® € CAlg(PrL) and J C € be a full subcategory. We say J is a thick ideal of C if J C €
is a stable subcategory, closed under retractions and the following condition holds:
For any x € Cand y € J we have x @ y € J.
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Definition 6.8 (See [Mat16] Definition 3.18). Let f : R — S € CAlg(A). We say f is descendable if the
smallest thick ideal of Modg(A) such that contains S is Modg(A) itself.

Proposition 6.9 (See [Matl6] 3.19). Given a map f : A — B in CAlg(A). If f is descendable, then f is
faithful.

Definition 6.10. Let f: A — B € CAlg(A). We define the augmented cosimplical object
B*: AT — CAlg(A) 4,
be the Cech nerve in (CAlg(A)4,)°P.

Proposition 6.11 (See [Mat16] 3.20). Let f : A — B € CAlg(A). Then the following conditions are
equivalent:

(1) The A — B is descendable.
(2) The B® is a A-limit diagram in Pro(Mod4(A)).

Proof. We first prove that (1) = (2). Let C denote the full subcategory of Mod4(A) spanned by those
objects M for which the canonical map 0y : M ®4 A — M ® 4 B® is an equivalence in Pro(Mod 4(A)). By
Corollary B.13, we see that the C is a thick ideal of Mod4(A). It will suffice to show that B € €. This is
clear, since B ® 4 B® can be identified with the split cosimplicial object B**!.

Now suppose that (2) is satisfied. Let D denote the smallest thick ideal of Mod 4(A) which contains B. Then
B* is a cosimplicial object of D and each term Tot"(B/A) in the tower Tot®(B/A) is in D too. Assumption
(2) implies that A ~ lim Tot™(B/A) in Pro(Mod 4(A)). However, the A is cocompact in Pro(Mod 4(A)), so
A is equivalent to a retract of Tot"(B/A) for some integer n, so that A € D. That implies D = Mod4(A). O

Remark 6.12. We see that the descendable condition is stronger than that the B® is a A-limit merely in
Mod 4 (A).

Corollary 6.13. Let f: A — B € CAlg(A). Then A — B is descendable if and only if A as an A-module
can be obtained as a retract of a finite colimit of a diagram of A-modules consisting of objects, each of which
admits the structure of a module over B.

Corollary 6.14. Let: A — M € Der and o : A — A be the induced square-zero extension in CAlg(A).
Then the a is descendable.

Proposition 6.15 (See [Mat16] 3.21). Let f : R — S be a descendable morphism in CAlg(A) and R — A be
another map in CAlg(A). Then the map A — ARRgS given by the following pushout diagram is descendable.

R—— S

L

A—— AQRrS
Proposition 6.16 (See [Mat16] 3.24). Let A — B — C be maps in CAlg(A).

(1) If A— B and B — C admit descent, so does A — C.
(2) If A — C admits descent, so does A — B.

Lemma 6.17 (See [SAG] D.3.3.6). Let n be a nonnegative integer, let J be a filtered partially ordered set
of cardinality < N, and let {Xj}jeJ be a diagram of spaces indexed by JP. If each of the spaces X is
m-connective for some integer m, then the inverse limit @je] X, is (m — n)-connective.

Lemma 6.18. Suppose that A is Grothendieck and that .A‘§’0 is projectively rigid. Let A € Alg(Asq), let M
be a flat left A-module, and let N be a connective left A-module. Assume that moM is an R,,-compact object
of the category of discrete moA-modules for some n > 0. Then Ext"y (M, N) ~ 0 for m > n.
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Proof. The following argument is parallel with [SAG, Lem. D.3.3.7]. Let us identify N with the limit of its
Postnikov tower
e — T<2N — T<1N — TgoN,

so that we have a Milnor exact sequence

0 — lim' {Exty ™" (M, 7<xN) } — Ext}{ (M, N) — lim {Ext}} (M, 7, N)} — 0.
k

It will therefore suffice to show that the abelian groups lim* {Ext271 (M, 7<;N)} and Jm, {Ext}y (M, 7<xN)}
are trivial for m > n. To prove this, we will show that the maps

]‘:‘)Xt:f;i1 (M, TgkN) — EXtZLil (M, Tgk_lN)
are surjective for k£ > 1, and that the groups Ext™ (M, 1<, N) vanish for all £ > 0. Using the exact sequences

Extzk1 (M,7<N) — EX‘LZ{”*1 (M,7<,—1N) — EXtZLJrk (M, mN) —
Exty (M, 7<xN) — Ext} (M, 71 N) — ExtT ™ F (M, 7w, N)

we are reduced to proving that the groups EX‘UZ‘”"C (M, m N) vanish for all k > 0. Replacing m by m+k and N
by 7 N, we can further reduce to the case where IV is discrete. In this case, we have a canonical isomorphism
Ext’y (M, N) ~ Ext]" 4 (moA ®a M, N). We may therefore replace A by mgA (and M by mpA ®4 M) and
thereby reduce to the case where A is discrete. Since M is flat over A, it follows that M is also discrete.

Since M is flat over A, it can be written as the colimit of a diagram {M,} . p indexed by a filtered partially
ordered set P, where each M, is a compact projective left A-module (Theorem 4.18). In the case n = 0, it
follows that M is compact projective and the conclusion is deduced by Proposition 4.7. In the case n > 1,
for each 8,,-small filtered subset P’ C P, let Mp/ denote the colimit lim ., Ma. Then by [Ker, 061J], when
n > 1 the M can be written as a filtered colimit of the diagram {Mp:}, where P’ ranges over all X,,-small
filtered subsets of P. Since M is X,,-compact, the identity map idy; : hﬂ P Mpr — M factors through some
Mp/, so that M is a retract of Mp/. We may therefore replace M by Mp: and P by P’, and thereby reduce
to the case where P is N,,-small. We have a canonical isomorphism

Exty (M, N) ~ mo Mapyyjoq, (M, X" N) ~ mo lim Mapyyjoq, (Ma, X" N)
aeP

To show that this group vanishes, it will suffice (by virtue of Lemma 6.17) to show that the mapping spaces
Maprprod, (Ma, X™N) are n-connective for each o € P. This is clear, since M, is a compact projective left
A-module and XN is n-connective. O

Theorem 6.19. Suppose that A is Grothendieck and that Ago is projectively rigid. Let f : A — B €
CAlg(A) be a faithfully flat map such that moB is a N,-compact mgA-module for some n > 0. Then f is
descendable.

Proof. The following argument is parallel with the proof of [SAG, Prop. D.3.3.1]. Since B is flat over A,
by Proposition 3.22 we can identify B with the image of its connective cover 750B under the base change
functor Mod,_,4(A) — Moda(A). By virtue of Proposition 6.15, to prove that A — B is descendable, it
will suffice to show that 759A — 7>0B is descendable. We may therefore replace ¢ by the induced map
T>0A — T>0B and thereby reduce to the case where A is connective.

Let € denote the smallest stable subcategory of Mod4(A) which contains all objects of the form M ® 4 B
and is closed under retracts. It will suffice to show that A belongs to C. Let K be the fiber of the map
¢:A— B,and let p: K — A be the canonical map. For each integer m > 0, let p(m) : K®™ — A®™ ~ A
be the the m th tensor power of p, formed in the monoidal co-category LMod 4. Then p(m + 1) is given by

idK®'m
—

the composition K®™+! Kom £, A, so we have a fiber sequence

K®™®4 B — cofib(p(m + 1)) — cofib(p(m))

39


https://kerodon.net/tag/061J

It follows by induction on m that each cofib(p(m)) belongs to €. Consequently, to prove that A € €,
it will suffice to show that A is a retract of cofib(p(m)) for some m > 0. This condition holds if the
homotopy class of p(m) vanishes (when regarded as an element of Ext% (K®™, A) ~ Ext’} ((ZK)®™, A).
The Proposition 3.25(4) implies that XK =~ cofib(¢) is a flat A-module. Also we have that g cofib(K)
is N,-compact mgA-module. It follows that (XK)®™ has the same properties for each m > 0, so that
Ext’y ((XK)®™, A) vanishes for m > n by virtue of Lemma 6.18. O

6.3 Almost E.-algebras
Lemma 6.20. Let A be a Grothendieck abelian 1-category. Then

(1) If A is dualizable as an object in Praq 1, then A satisfies the AB4¥, i.e. small products are exact.
(2) If A satisfies the AB4¥, then for any sequential inverse system in A
{"'_>Xn_>Xn71 _>}

satisfying Mittag-Leffler condition, we have m; X, =0.

Proof. (1) and (2) are from [Kan24; Roo06] respectively. O

Proposition 6.21 (Milnor sequence). Let C be a Grothendieck prestable co-category which satisfies AB4*.
Then €V satisfies AB4* too and for any inverse system in Sp(C)

{_>Xng_n>Xn71_>}7

we have the following Milnor short exact sequence in CV with any given i € Z

1

Proof. 1t follows directly from fiber sequence
lim X, — [ X, e, T x
n
and the fact that m;(—) preserves small products under the assumption AB4*. O

We generalize the result in [[1S24] to our settings.
Theorem 6.22. Assume that A is Grothendieck and As is dualizable additive. Let R € CAlg(Axo).
Consider the full subcategory LQp of CAlg(A>o)r, spanned by the maps ¢ : R — S for which

(1) the multiplication S @ S — S is an equivalence, i.e. @ is idempotent,
(2) mo(p) : mgR — moS is epimorphic in A”.
Then the functor
LQr — {ICmR|I?=1I}, ¢+ Ker(mp)

is an equivalence of categories, where we again regard the target as a poset via the inclusion ordering. The
inverse image of some I C mo(R) can be described more directly as R/I>®, where

I® = lim JPR"
neNep

with J; — R the fibre of the canonical map R — H(mo(R)/I). Furthermore, this inverse system stabilises
onm; form>i+1.

The image of the fully faithful restriction functor Mod g/~ (A) — Modr(A) consists evactly of those modules
whose homotopy is killed by I, as desired.
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Proof. We only do slight modifications of original proof in [[S24] to fit into our framework. Firstly we
observe that the LQy is indeed equivalent to a poset [see ITA, Proposition 4.8.2.9]. Let us also immediately
verify that Ker(moy) is indeed idempotent for ¢ : R — S € LQg. Tensoring the fibre sequence FF — R — S
with F' gives

FrF —F —FQgrS

and the right hand term vanishes since one has a fibre sequence
F@rS —RQRrS—S®rS

whose right hand map (after identifying R®p S ~ ) is a section of the multiplication S®pr .S — S and thus
an equivalence. But F' is connective and the map 7o (F) — Ker(mpp) surjective by the long exact sequence
of ¢, whence a chase in the diagram shows that the multiplication

Ker (mop) @, r Ker (mop) — Ker (mop)

is surjective as desired.

Next, we verify that the inverse system J}X’R" stabilises degreewise. In fact we show slightly more, namely that
the cofibre R/ J; @g JER" of the canonical map JER" ! — JPA™ is n-connective. Since R/J; = H(mo(R)/I)
is annihilated by I, we immediately deduce that the homotopy groups of this cofibre are annihilated by
I (from both sides). Now, for n = 0, the connectivity claim is clear, and if we inductively assume that
R/Jr ®r J?R" is m-connective, then

R/Jr @p JEF" T = (R)J; @p JPR") @R Jr

is clearly also n-connective and its nth homotopy group is m,(R/Jr ®r J1®§) ®mor L. Since the left hand
term is annihilated by I, we compute

T (R/J1 @ JF™") @por I =10 (R)J1 @R JF") @y (r)/1 T0(R)/I @ror 1
=m0 (R/Jr @R JP™™) @ro(myyr 1/1° =0

which complete the induction.

Now we claim
( lim J?R”) ®r Jr — lim JP"
neNep neNep

is an equivalence. Since the limit stabilises degreewise and J; is connective, we can move the limit out of
the tensor product by Lemma 6.20 and Proposition 6.21 (the cofibre of the interchange map is a limit of
terms with growing connectivity), and then the statement follows from finality. By the same argument, for
any n > 1 the canonical map

I® @p JPR™ — I

is equivalent too and hence I ®g I>° — [ is an equivalence—that is to say R — R/I* is idempotent

and hence produces an element in CAlg(AZO)igfm

As the next step, we show that the tautological map M = R ®r M — R/I*° ®r M is an equivalence if
and only if the homotopy of M is annihilated by I, or in other words that I*° @ g M ~ 0. For the “only if”
direction, it suffices to observe that mo(R/I>°) = moR/I. For “if” direction, we start with the simplest case
M = R/Jy, where the claim was proved above. For an arbitrary R-module M concentrated in degree 0 and
killed by the action of I, it naturally inherits a H(mwgR/I)-module structure and hence we get a retraction of
R-modules

I Qr M — I Qr M ®pg H(WQR/I) — I ®Rr M.

However the middle one is zero by commutativity of ® g (note H(moR/I) = R/Jr), so I*° g M = 0.
For bounded below M, we have

I*QRQr M ~I® ®pr ( lim 7'<kM> ~ lim I® ®pr1<tM =0
keNe» = keNep =
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by commuting the limit out using the same argument as above. Finally, for arbitrary M whose homotopy
groups are killed by I, we find

I*QQr M ~I® Qg (colimkeN TZ—kM) ~ colimgen I ®p T>_pM ~ 0.

So combined with the idempotent property of R — R/I*°, we learn that the image of the fully faithful
restriction functor Modg, e (A) — Modg(A) consists exactly of those modules whose homotopy is killed by
I, as desired.

Finally, we are ready to verify that the construction I — (R — R/I°°) induces an inverse to taking kernels.
The composition starting with an ideal is clearly the identity. So we are left to show that for every ¢ : R — S
in LQp with I = Ker(myp), the canonical map ¢ : R/I*® — S, arising from the homotopy of S being
annihilated by I, is an equivalence. Per construction it induces an equivalence on my. By Theorem 6.5, the
functor ¢y = S @R/ — : Modg, e (A) = Mods(A) is thus conservative when restricted to bounded below
modules. But the map

S =y (R/1%) 21 4 (S) = S @pye S~ S @p

is induced by the unit and thus an equivalence since ¢ is idempotent. O

Remark 6.23. The key fact used in the proof is that, for a Grothendieck abelian category satisfying AB4*,
the Mittag-Leffler condition implies “ lim'” vanishes. So the theorem actually holds under weaker condition
that A is Grothendieck and left separated and As( satisfies AB4*.

Theorem 6.24. Assume that A is Grothendieck and A is dualizable additive. Let R € Alg(A>o). Consider
the full subcategory LQg of Alg(Axo)r, spanned by Ei-maps ¢ : R — S for which

(1) the multiplication S ®g S — S is an equivalence, i.e. ¢ is idempotent,
(2) mo(p) : moR — moS is epimorphic in A”.
Then the functor
LQp — {two-sided ideals I C moR | I> =1}, ¢+ Ker(mop)

is an equivalence of categories, where we again regard the target as a poset via the inclusion ordering. The
inverse image of some I C mo(R) can be described more directly as R/I1°°, where

with J1 — R the fibre of the canonical map R — H(mo(R)/I). Furthermore, this inverse system stabilises
on m; form > i+ 1.

The image of the fully faithful restriction functor LModg,;(A) — LModgr(A) consists exactly of those
modules whose homotopy is killed by I, as desired.

Proof. The non-commutative case is a bit more tricky. Firstly we observe that the LQp is indeed equivalent
to a poset [see HA, Proposition 4.8.2.9]. Let us also immediately verify that Ker(mg¢p) is indeed idempotent
for ¢ : R — S € LQpg. Tensoring the fibre sequence F' — R — S with F gives

FrF—F —FQ®RrS
and the right hand term vanishes since one has a fibre sequence
F@rS —R®RrS—S®rS

whose right hand map (after identifying R®r S ~ ) is a section of the multiplication S®pr .S — S and thus
an equivalence. But F is connective and the map mo(F) — Ker(mpp) surjective by the long exact sequence
of ¢, whence a chase in the diagram shows that the multiplication

Ker (o) ®x,r Ker (mop) — Ker (mop)
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is surjective as desired.

Next, we verify that the inverse system J?R" stabilises degreewise. In fact we show slightly more, namely
that the cofibre R/J; g J}@R" of the canonical map J?R"H — J?R" is m-connective. Now, for n = 0, the
connectivity claim is clear, and if we inductively assume that R/J; ®p J?R" is n-connective, then

R/Jr @p JEP" T = (R)J; @p JPR") @R Jr

is clearly also n-connective and its nth homotopy group is Wn(R/J1®RJ}®7§)®WORI. Since J; € Alg™ (gkBModg(A)),
we have the following commutative diagram
i®1
Jr®rJr —— R®Rr Js

J1®RJ1&>J[®RR%J]

hence R/J; ®g Jr ~ Jy ®r R/Jr in g BModg(A). Then the left hand term R/J; ®pr J(I@R" is annihilated by
I from both sides, we compute

™, (R/J] Rr J1®Rn) @ror I = Tp (R/JI Rr J}@Rn) Qno(R)/1 7T0(R>/I Qmor I
= (R/Jr @R JF™") @uo(ryyr 1/I° =0

which complete the induction.

Now we claim

( lim J(Ian) QRr Jr —

m JERrR"
neNep I

li
neNep
is an equivalence. Since the limit stabilises degreewise and J; is connective, we can move the limit out of
the tensor product by Lemma 6.20 and Proposition 6.21 (the cofibre of the interchange map is a limit of
terms with growing connectivity), and then the statement follows from finality. By the same argument, for
any n > 1 the canonical map

I @p JPA" — I

is equivalent too and hence I ®p I — I is an equivalence—that is to say R — R/I*° is idempotent

and hence produces an element in Alg(ﬂzo)ig?m

As the next step, we show that for a left R-module M, the tautological map M = RQr M — R/I>*° ®@r M is
an equivalence (in other words that I*° ®r M ~ 0) if and only if the homotopy of M is annihilated by I. For
the “only if” direction, it suffices to observe that mo(R/I>®°) = moR/I. For “if” direction, we start with the
simplest case M = R/.Jy, where the claim was proved above. For an arbitrary R-module M concentrated in
degree 0 and killed by the action of I, it naturally inherits a H(moR/I)-module structure and hence we have
equivalences of R-modules

I QQr M ~ I*® ®pr H(’]T()R/I) ®H(moR/I) M.

However I ®@g H(moR/I) is zero by H(moR/I) = R/J;, so I @r M = 0.

For bounded below M, we have

I Qr M ~I*® ®pg ( lim T<kM> ~ lim I® ®r7<pxM ~0
keNep  — keNep -

by commuting the limit out using the same argument as above. Finally, for arbitrary M whose homotopy
groups are killed by I, we find

I*QQr M ~I® Qg (colimkeNTZ,kM) ~ colimgen I ®p T>_pM ~ 0.

So combined with the idempotent property of R — R/I°°, we learn that the image of the fully faithful
restriction functor LMod g/ (A) — LModr(A) consists exactly of those left modules whose homotopy is
killed by I, as desired.
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Finally, we are ready to verify that the construction I — (R — R/I°°) induces an inverse to taking kernels.
The composition starting with an ideal is clearly the identity. So we are left to show that for every o : R — S
in LQg with I = Ker(myp), the canonical map ¢ : R/I>® — S, arising from the homotopy of S being
annihilated by I, is an equivalence. By construction it induces an equivalence on my. By Theorem 6.5, the
functor ¢y = S ®p 1~ — : LModg,1(A) — LMods(A) is thus conservative when restricted to bounded
below modules. But the map

S =y (R/1%) 21 0 (S) = S @pye S~ S @p

is induced by the unit and thus an equivalence since ¢ is idempotent. O

7 Deformation theory and étale rigidity

Throughout Section 7, we assume that A is left complete.

7.1 The cotangent complex formalism

We will freely use the deformation theory developed in [HA, §7.3-7.5].
Definition 7.1 (See [[HA] 7.3.2.14.). Let € be a presentable co-category, and consider the associated diagram

Te —— % 5 Fun(Al,€)

where ¢ is given by evaluation at {1} C Al. The functor G carries p-Cartesian morphisms to g-Cartesian
morphisms, and for each object A € € the induced map G 4 : Sp(€/4) — /4 admits a left adjoint X,
Applying [[TA, Proposition 7.3.2.6], we conclude that G admits a left adjoint relative to €, which we will
denote by F'. The absolute cotangent complex functor L : € — T¢ is defined to be the composition

€ — Fun(A', @) 5 Te

where the first map is given by the diagonal embedding. We will denote the value of L on an object A € C
by La € Sp(C/4), and will refer to L4 as the cotangent complex of A.

Definition 7.2 (See [HA] 7.4.1.1). Let € be a presentable co-category, and let p : M”(€) — A! x € denote
a tangent correspondence to C (see [HA, Definition 7.3.6.9]). A derivation in € is a map f : A — M7T(C)
such that po f coincides with the inclusion A! x {4} C Al x €, for some A € C. In this case, we will identify
f with a morphism 7 : A — M in M7 (C), where M € Te x ¢{A} =~ Sp(C/4). We will also say n: A — M is
a derivation of A into M.

We let Der(C) denote the fiber product Fun(A!, MT(€)) Xpun(al,atxe) €. We will refer to Der(C) as the
oo-category of derivations in C.

Remark 7.3. We primarily care the case € = CAlg(A). In this case, an object in Der(€) can be informally
described as a triple data (A4, M,n: A — M][1]) where A € CAlg(A), M € Moda(A) and 7 is a derivation.

Definition 7.4 (See [HA] 7.4.1.3). Let C be a presentable co-category, and let p : MZ(€) — Al x € be a
tangent correspondence for €. An extended derivation is a diagram o

|

%A

|7

— M[1]

in M7 (€) with the following properties:



1) The object 0 € Te is a zero object of Sp (G/A). Equivalently, 0 is a p-initial vertex of M7 (C).

2) The diagram o is a pullback square.

3) The objects Aand A belong to € C MT(€), while 0 and M belong to Te € M7T(C).

(1)
(2)
3)
(4) Let f: A' — € be the map which classifies the morphism f appearing in the diagram above, and let
e: Al x Al — Al be the unique map such that e=1{0} = {0} x {0}. Then the diagram is commutative.

Al x AT 25 M7 (@) 2= Al x e

5 : J

Al ! e

We let ]3e/r((3) denote the full subcategory of

Fun (Al X Al, MT(G)) XFun(AlxAl,Al % @) Fun (Al, G)

spanned by the extended derivations.

Definition 7.5. Throughout Section 7, we let Der = Der(CAlg(A)) denote the oo-category of derivations
in CAlg(A). We let A" = fib(n) denote the corresponding square-zero extension of A.
We define a subcategory Der™ C Der as follows:

(1) An object (n : A — M]Jl]) € Der belongs to Der™ if and only if both A and M are connective.
Equivalently, n belongs to Der™ if both A and A” are connective, and the map mgA" — myA is an
epimorphism in AY.

(2) Let f: (n: A— M[l]) = (' : B — NJ[1]) be a morphism in Der between objects which belong to
Der™. Then f belongs to Der™ if and only if the induced map B ®4 M — N is an equivalence of
B-modules.

Proposition 7.6 (See [HA] 7.3.3.6). Let

N

B—— C
be morphisms in CAlg(A). Then there exists a canonical cofiber sequence

C®p Lpja— Loja — Loyp

m Modc(ﬂ) .

Proposition 7.7 (See [HA] 7.3.3.7). Let
A —— A
B —— B

be a pushout diagram in CAlg(A). Then there exists a canonical equivalence Lg/a ~ B ®p: Lprjar in
MOdB (A)

Lemma 7.8. Let f : (n: A — M[1]) = (n : B — NI[1]) be a morphism in Dert. If the induced map
A" — B" s an equivalence in CAlg(A), then f is an equivalence. (See [HA, Lem. 7.4.2.9] for the case of
spectra.)
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Proof. The morphism f determines a map of fiber sequences

AT —— A —— M)

J fOJ, fll

B" —— B —— NJ1]

Since the left vertical map is an equivalence, we obtain an equivalence « : cofib(fy) ~ cofib(f1). To complete
the proof, it will suffice to show that cofib(fy) vanishes. Suppose otherwise. Since cofib(fy) is connective and
A is left complete , there exists some smallest integer n such that m, cofib(fy) # 0. In particular, cofib(fp)
is n-connective.

Since f induces an equivalence B ® 4 M — N, the cofib(f1) can be identified with

cofib(fo)®aM][1]. Since M is connective, we deduce that cofib(f1) is (n+1)-connective. Using the equivalence
a, we conclude that cofib(fy) is (n + 1)-connective, which contradicts our assumption that 7, cofib(fy) #
0. O

Definition 7.9. We define a subcategory Fun™ (A!, CAlg(A)) as follows:

(i) An object f: A — A of Fun(A', CAlg(A)) belongs to Fun™ (A, CAlg(A)) if and only if both A and A
are connective, and f induces a surjection mgA — moA.

(ii) Let f,g € Funt(A!,CAlg(A)), and let a : f — g be a morphism in Fun(A', CAlg(A)). Then a belongs
to Funt(A', CAlg(A)) if and only if it classifies a pushout square in the co-category CAlg(A).

Theorem 7.10. Let ® : Der — Fun(A!, CAlg(A)) be the functor given by (n: A — MI1]) — (A" — A).
Then ® induces a functor ®% : Der — Fun* (A, CAlg(A)). Moreover, the functor ®F is a left fibration.
Proof. 1t is a parallel proof of [HA, Lem. 7.4.2.7]. O

Remark 7.11. The left complete condition that we assume at the beginning of the section is necessary in
the proof of Lemma 7.8, which is the only part involving the left completeness in the proof of [HA, Lem.
7.4.2.7).

Corollary 7.12. Let A € CAlg(A>o), M a connective A-module, and n: A — M[1] a derivation. Then the
functor ® induces an equivalence of co-categories

Der;/ — CAlgSyy

given on objects by (' : B — N[1]) — B7.

7.2 Deformation theory

Definition 7.13. We say a map of commutative ring objects A — B € CAlg(A) is L-étale (or formally
étale) if the relative cotangent complex Lp/4 vanishes.

Remark 7.14. In deformation theory, the L-étale condition is only interesting in the connective case.

Lemma 7.15. Let

AT

B— ¢

be morphisms in CAlg(A). Then:
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(1) Suppose that f is L-étale. Then g is L-étale if and only if h is L-étale.
(2) If g is L-étale and faithfully flat. Then f is L-étale if and only if h is L-étale.
Proof. 1t follows from the cofiber sequence
C®p Lp/a— Leya — Loy
in Mod¢(A). O

Proposition 7.16. Let f : R — S € CAlg(A) be map such that S is an idempotent commutative R-algebra.
Then f is L-étale.

Proof. O

Corollary 7.17. Let R — S € CAlg(A") be a flat idempotent map between discrete commutative ring
objects. Then R — S is L-étale.

Proof. O

Lemma 7.18. Given a diagram of co-categories
c—-L ——D
NS
&
where p,q are cocartesian fibrations and F preserves cocartesian edges. Let s € & and 0 : K¥ — C4 be a

diagram. If for any morphism f : s — t € & the edge fiof : K — Cy is an Fs-colimit, then 6 is an F-colimit.

Proof. This is the relative version of [HTT, Prop. 4.3.1.10]. O

Corollary 7.19. Given a diagram of co-categories
c—F——D
\QL ;y/
&
where p,q are cocartesian fibrations and F preserves cocartesian edges. Let s € € and 0 : x — y be a

morphism in the fiber Cs. If for any morphism f :s —t € &, the edge f1(0) : fi(x) = fi(y) is Fs-cocartesian,
then 0 is an F-cocartesian.

Proposition 7.20. Let f : A — B € CAlg(A) € MT(CAlg(A)) be a morphism of Eo-ring objects. Then
f is F-cocartesian if and only if f is L-étale, where F : MT(CAlg(A)) — A! x CAlg(A) is the natural
projection.

Proof. Applying Corollary 7.19 to the following diagram, we win.

MT(CAIg(A)) ——F 5 Al x CAlg(A)

\/

Definition 7.21. We define a subcategory Der” " C Der as follows:
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(1) A derivation 5 : A — M[1] belongs to Der” " if and only if A and M are connective.
(2) Let ¢ : (n: A — M[1]) = (' : B— N[1]) be a morphism between derivations belonging to Der™ .
Then ¢ belongs to Der”®® if and only the map A — B is L-étale, and ¢ induces an equivalence

M®psB— N.

We define a subcategory CAlg(Aq)E " C CAlg(A) as follows:

(1) An object A € CAlg(A) belongs to CAlg(A>o)E ¢ if and only if A is connective.

(2) A morphism f : A — B of connective E-ring objects belongs to CAlg(Axq)L-t

L-étale.

if and only if f is

Proposition 7.22. Let f : Der — CAlg(A) denote the forgetful functor (n: A — M)+ A. Then f induces
a left fibration Der’¢t — CAlg(Azo)L'et.

Proof. Fix 0 < i < n; we must show that every lifting problem of the form

AP —— Derl®

1
J’ l//// i

A" —— CAlg(Asg)let

admits a solution [. Considering the following diagram,

> U =T s
| T |

A" 2RI (As o)t —— CAlg(A) —— Fun(Al Al x CAlg(A))

AP —— Dert e 1 Der Fun(Al, MT(CAlg(A)))

A
\

then there exists a lifting I by Proposition 7.20, and hence there exists a lifting I'. We observe that I’
actually lies in Der”®* by Lemma 7.15, hence we find a solution . O

7.3 Etale rigidity

Definition 7.23. We say a map f : A — B in CAlg(A) is étale if f is flat, and 7>of : 7504 — T>0B is
L-étale and finitely presented.

Our main result in this section is the following theorem (see [HA] §7.5 for the statement in case of spectra).
Theorem 7.24 (Etale rigidity).
Assume that A is Grothendieck and left complete. Let A € CAlg(A). Then:

1) Let CAlg(A L-et genote the full subcategory of CAlg(A) 4, spanned by the flat L-étale maps A — B.
A/ /
If A is connective, then the functor my induces an equivalence

CAlg(A)p7 " = CAlg(A7) I

with (the nerve of ) the discrete flat L-étale commutative moA-algebras.

(2) Suppose further that A‘go is projectively rigid. Let CAlg(A)f;f/ denote the full subcategory of CAlg(A) 4/
spanned by the étale maps A — B. Then the functor mg induces an equivalence

CAlg(A)Y, = CAlg(A”)% 4,

with (the nerve of ) the discrete étale commutative moA-algebras.
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The proof will occupy the remainder of this section.

Proposition 7.25. Letn : A — M € Der" and o : A — A be the induced square-zero extension in
CAlg(A>p). Now given a pushout diagram in CAlg(A>o).

‘?”
b:u—;u

Sy

Then:

(1) The f} is L-étale if and only if fo is L-étale.
(2) Assume that A is Grothendieck. Then f| is flat if and only if fo is flat.

(3) If f}) is L-étale, then f| is locally of finite presentation if and only if fo is locally of finite presentation.

Proof.
(1) The “only if" direction is obvious. The “if” direction follows from the equivalences

LB/AﬁB®BLB/A2A®ALB/A

and Proposition 6.2.
(2) The “only if" direction is obvious. For the converse, suppose that B is flat over A : it suffices to show
that for every discrete A-module N, the relative tensor product B @ ; i N is discrete by Proposition 3.15(3).

To prove this, let I C 7T0A be the kernel of the surjective map 7r0A — moA, so that we have a short exact
sequence of modules over 7r0A

0—-IN—-N—N/IN—0

It will therefore suffice to show that the tensor products B® 7 IN and B® i N/IN are discrete. Replacing
N by IN or N/IN, we can reduce to the case where IN = 0, so that N has the structure of an A-module.

Then B @3 N ~ B®a N is discrete by virtue of the assumption that B is flat over A.
(3) The proof is a parallel argument as the proof of [DAGXIII, Lem. 2.5.4]. O

Proposition 7.26. Let A € CAlg(A>o), M be a connective A-module, and n: A — M[1] be a derivation.
Then the square-zero extension A — A induces an equivalence

(—)®4 A: CAlg(Axo)57 A * 5 CAlg(Ax0) 57
between co-categories of connective L-étale commutative A-algebras and commutative A-algebras.
Proof. Any square-zero extension A — A is associated to some derivation (n : A — M) € Der’*. Let

® : Der — Fun(A?!, CAlg(A)) be the functor defined in Theorem 7.10. Let ®g, ®; : Der — CAlg(A) denote
the composition of ® with evaluation at the vertices {0}, {1} € Al. The functors ®; and ®; induce maps

CAlg(Aso) 5 <> Der = CAlg(As0) "

Moreover, the functor ® exhibits ®] as equivalent to the composition of ®f, with the relative tensor product
® 7A. Consequently, it will suffice to prove the following:

(1) The functor @ is fully faithful, and its essential image consists precisely of the connective L-étale
commutative A-algebras.
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(2) The functor ®} is fully faithful, and its essential image consists precisely of the connective L-étale
commutative A-algebras.

The (1) follows from Corollary 7.12 and Proposition 7.25 (1). And the (2) follows from Proposition 7.22. [

Definition 7.27 (See [HA] 7.4.1.18). For n > 0, we say a morphism f : A — B in CAlg(A>() is n-connective
if fib(f) belongs to A>,. And we say f is an n-small extension if the following further conditions are satisfied:

(1) The fiber fib(f) belongs to Ay, 2y,
(2) The multiplication map fib(f) ® 4 fib(f) — fib(f) is nullhomotopic.
We let Fun,, _con (A17 CAlg(.A)) denote the full subcategory of Fun (Al, CAlg (A)) spanned by the n-connective

extensions, and Fun,, ¢, (Al, CAlg(.A)) the full subcategory of
Fun,—_con (Al, CAlg(A)) spanned by the n-small extensions.

We let Funy, g, (A, CAlg(A)) denote the full subcategory of Fun (A', CAlg(A)) spanned by the n-small

extensions.

Definition 7.28. For A € CAlg(A), welet L4 € Sp (CAlg(A),4) ~ Mod 4 (A) denote its cotangent complex.

Let Der denote the oo-category Der (CAlg(A)) of derivations in CAlg(A), so that the objects of Der can be
identified with pairs (A,n : Ly — M|[1]) where A is an commutative algebra object of A and 7 is a morphism
in Mod4(A).

We let Der,,_ g, denote the full subcategory of Der spanned by those pairs (4,7 : La — M[1]) such that A
is connective and the image of M belongs to A, 2,1

Theorem 7.29 (See [HA] 7.4.1.26). Let ® : Der — Fun (A, CAlg(A)) be the functor given by (n : A —
B) — (A" — A). Then the functor ®*) restricts to an equivalence of co-categories

D, _om : Derp_gm — Fun,_sm (Al, CAlg(A))
Corollary 7.30.
(1) Every n-small extension in CAlg(A>o) is a square-zero extension.
(2) Let A € CAlg(Aso). Then every map in the Postnikov tower
coo > T<3A 5 T A = T A — T<0A

1S a square-zero extension.

Theorem 7.31. Let f: A — B € CAlg(A) be a flat map such that T>of : T>0A — T>0B is L-étale, and let
C € CAlg(A). Then the canonical map

Mapcaig(a) ,, (B, €) = Mapoaig(ay, ., (T0B,m0C)

is a homotopy equivalence. In particular, MapCAlg(A)A/(B, C) is homotopy equivalent to a discrete space.

Proof. The following proof is similar as [DAGIV, Prop. 3.4.13]. Let A, By, and Cj be connective covers of
A, B, and C| respectively. We have a pushout diagram

A04>A

Lfo J{f

By —— B
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where fj is flat L-étale. It follows that the induced maps

Mapgaiga),, (B, C) = Mapcaiga),,, (Bo, C) <= Mapcaig(a) ,,, (Bo, Co)

are homotopy equivalences. We may therefore replace A, B and C by their connective covers, and thereby
reduce to the case where A, B, and C' are connective.

We have a commutative diagram

Mapcaig(a) ,, (B m0C)

/ X

Mapcaiga) ,, (B: ) Mapcalg(a).,, ., (ToB, mC)

where the map ¢ is a homotopy equivalence. It will therefore suffice to show that ¢ is a homotopy
equivalence. Let us say a map g : D — D’ of commutative A-algebras is good if the induced map
bg MapCAlg(A)A/(B,D) — MapCAlg(A)A/ (B,D') is a homotopy equivalence. Equivalently, ¢ is good if
ep(g) is an equivalence, where ep : CAlg(A)4, — 8 is the functor corepresented by B. We wish to show
that the truncation map C' — myC' is good. We will employ the following chain of reasoning:

(4)

Let D be a commutative A-algebra, let M be a D-module, and let g : D & M — D be the projection.
For every map of commutative A-algebras h : B — D, the homotopy fiber of ¢, over the point i can
be identified with Mapy,q, (Lp/a, M) >~ Mapyioq, (Lp/a @ D, M). Since f is L-étale, the homotopy
fibers of ¢, are contractible. It follows that ¢, is a homotopy equivalence, so that g is good.

The collection of good morphisms is stable under pullback. This follows immediately from the obser-
vation that ep preserves limits.

Any square-zero extension is good. This follows from (a) and (b).

Suppose given a sequence of good morphisms
... > Dy — Dy — Dy

Then the induced map I&H{DZ} — Dy is good. This follows again from the observation that epg
preserves limits.

For every connective commutative A-algebra C, the truncation map C' — myC' is good. This follows
by applying (d) to the Postnikov tower

R T§20—> TS10_> TS()C’Z 7T()C

which is a sequence of square-zero extensions.

O

Proposition 7.32. Assume that A is Grothendieck. Let A € CAlg(A>o)<n+1 be (n+1)-truncated connective.
Then the truncation functor <, : CAlg(A)a; — CAlg(A),_, 4, restricts to:

(1)

(2)

~

An equivalence CAlg(A)Z’/L_Et — CAlg(A)f;L:Zt/ from the co-category of flat L-étale commutative A-
algebras to the oo-category of flat L-étale commutative T<, A-algebras.

An equivalence CAIg(A)if/ = CAlg(fl)it< Y from the co-category of étale commutative A-algebras to
the co-category of étale commutative T<, A-algebras.

Proof. Tt follows by combining Proposition 3.22(2), Proposition 7.25(2) and Proposition 7.26. O
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Proposition 7.33 (See [HA] 7.4.3.17). Let f : A — B be a morphism in CAlg(As>o). Suppose that n > 0
and that f induces an equivalence T<nA — T7<,B. Then 7<nLp;a =0 .

Corollary 7.34. Let f: A — B be a map in CAlg(A>¢). Assume that cofib(f) is n-connective, for n > 0.
Then the relative cotangent complex Lp,4 is n-connective. The converse holds provided that f induces an
isomorphism mgA — moB.

Proposition 7.35. Let f : A — B € CAlg(A>o). Then:

(1) The f: A— B is L-étale if T<nf : T<nA — T<n B is L-étale for any n > 0.

(2) Assume that A is Grothendieck. Then the f : A — B is flat if and only if T<nf : T<nA — T<n B is flat
for any n > 0.

Proof.
(1) For any n > 0, we have the cofiber sequence

T<nB ®p Lpja = Lr_,B/a = L:_, B/B-

Since TSnLTgnB/B = 0 by Proposition 7.33, we get that 7<,—1(7<,B ®5 LB/A) ~ Tgn_lLTSnB/A. Now
consider another cofiber sequence

T<nB ®r 4 Lr_,a/a = Lr_ B/a = L B/, A

The L;_, p/r, A above vanishes by the assumption and 7<,,L._ a4 = 0 by Proposition 7.33, 80 7<nL,_ p/a =
T<n(T<nB ®r_, A Lr_, a/a) = 0. Then combining Lemma 4.6 and equations above we get

T<n-1(Lpja) = T<n-1(T<nB®p Lp/a) =~ T<n-1L,_,5/a = 0.

By the left completeness, we get Lg,4 = 0.

(2) The “only if" direction can be deduced by Proposition 3.22. Now suppose 7<p f : T<n A — 7<, B is flat
for any n > 0. Since B is connective, it suffices to show that given any discrete M € Mod(A)" we have
B®s M € Modp (A)O is discrete too. Now we have

T<n(BRA M) > 1<p(T<nB®a M)
by Lemma 4.6. Also we have
T<n(T<nB @4 M) = 7<;(T<nB @r_, A T<n A®A M) = 7<,B®;r_, A T<n(T<nA®a M)
where the second equality comes from the flatness of 7<,, f. However note that by Lemma 4.6 we have
T<nB @7, A T<n(T<nA®a M) = 7<, B ®:r_ 4 T<nM.

Combining these we get an equivalence 7<, (B ®4 M) ~ 7<,B ®,_, a4 T<, M, then by the flatness of 7<,, f
again we conclude that for any n > 0, the 7<,,(B ®4 M) is discrete. Hence B ® 4 M is discrete by the left
completeness. O

We mimic the proof of [HHA, Theorem 7.4.3.18] with light modification to get the following statements.

Proposition 7.36. Suppose that A is Grothendieck and that A>q is compactly generated. Let A € CAlg(Aso),
and let B be a connective Eo,-algebra over A. Then:

(1) If B is locally of finite presentation over A, then Lp,4 is perfect as a B-module. The converse holds
provided that Ago 1s projectively rigid and that woB is finitely presented as a commutative myA-
algebra in the sense of Definition 2.11.
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(2) If B is almost of finite presentation over A, then Lp, 4 is almost perfect as a B-module. The converse
holds provided that A>( is projectively generated and that myB is finitely presented as a commutative
moA-algebra in the sense of Definition 2.11.

Proof. We first prove the forward implications. It will be convenient to phrase these results in a slightly
more general form. Suppose given a commutative diagram o:

/\

B— ¢

in CAlg(Ax>o), and let F(0) = Lp;a ®p C. We will show:
(1") If B is locally of finite presentation as an E.-algebra over A, then F(o) is perfect as a C-module.
(2') If B is almost of finite presentation as an E.-algebra over A, then F (o) is almost perfect as a C-module.

We will obtain the forward implications of (1) and (2) by applying these results in the case B = C. We first
observe that the construction o — F'(c) defines a functor CAlg(A)4,,c — Modc(A). Note that the functor
F' can be identified with the fiber of the relative adjunction

Fun(Al,CAlg(A)A/) p— TCAlg(.A Ay — MOd MOdA(.A))

CAlg(A) 4/

on C' € CAlg(A)4,/, we deduce that this functor preserves colimits. Since the collection of finitely presented
C-modules is closed under finite colimits and retracts, it will suffice to prove (1’) in the case where B =
Sym’ M for some connective perfect A-module M. Using Proposition [HA, Proposition 7.4.3.14|, we deduce
that F'(o) ~ M ®4 C is a perfect C-module, as desired.

We now prove (2). By [HTT, Corollary 5.5.7.4], for any n > 2 there exists a finitely presented commutative
A-algebra B’ € CAlg(A>0)A/ such that 7<,, B is a retraction of 7<, B’ as commutative A-algebras. Note
that the retraction can be lifted in CAlg(A>0)a//r.,c by [Ker, 04KBJ, as the following.

T<nB «——° 7'<nB
7'<n

Now consider the diagram
"'—— 7, B —— 17<, B —— 7<,,C

\T | |

B C

We claim that 7<, 2(Lp/a ®p C) is a retraction of 7<,, _2(Lp/a ®p C). However, assertion (1’) implies
that Lp/ 4 ®p C will be perfect so long as B’ is locally of finitely presentation as a commutative A-algebra.
Then Lp 4 ®p C is perfect as a retraction of a perfect module and Lp,4 ®p C' is almost perfect.

Now using Proposition 7.33, we see that L._ p/p and L._ p/p: are n-connective, thus we have the natural
equivalences

~ o~
T<n-2(Lp/a ®p T<nB) — T<pn—2L._ Bja , T<n—2(Lpija ®p T7<nB') — T<n—2L,_ pr/a.

So
T<n—2(Lp/a ®p C) = T<n_2(Lp/a ®@p 7<nC) = T<n—2(Lr_, B/a @r_, B T<nC)
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are equivalences by Lemma 4.6 (1). By assumption we have that the 7<, o(L._ B/a ®r.,B T<nC) is a
retraction of TSH_Q(LTSHB//A ®re, B T<nC). Again by Lemma 4.6 (1), we get the equivalences

T<n—2(Lpr/a ®p C) = T<n—a(Lpija O T7<nC) = T<n—2(Lr_ prja @7, B’ T<nO).

Combining these, we in fact conclude that 7<,,_2(Lp,4 ®p C) is a retraction of 7<,,_2(Lpr/4 @p C).

We now prove the reverse implication of (2). Assume that Lp, is almost perfect and that 7o B is a finitely
presented as a commutative 7y A-algebra. To prove (2), it will suffice to construct a sequence of maps

A— B(-1) - B(0)—B(l) »...—» B

such that each B(n) is locally of finite presentation as a commutative A-algebra, and each map f,, : B(n) — B
is (n+ 1)-connective. We begin by constructing B(—1) with an even stronger property: the map f_; induces
an isomorphism myB(—1) — moB. By Proposition 5.15, there exists compact projective A-modules M, N
and a diagram

Ll

such that the map B(—1) — B induces an equivalence on myB, where we take B(—1) as the pushout of
above diagram.

We now proceed in an inductive fashion. Assume that we have already constructed a connective commutative
A-algebra B(n) which is of finite presentation over A, and an (n + 1)-connective morphism f, : B(n) — B
of commutative A-algebras. Moreover, we assume that the induced map m9B(n) — moB is an isomorphism
(if n > 0 this is automatic; for n = —1 it follows from the specific construction given above). We have a
fiber sequence of B-modules

Lpmy/a @By B — Lp/a — Lp/Bm)

By assumption, Lp/4 is almost perfect. Assertion (2') implies that Lp,)/a ®pm) B is perfect. Using

Proposition 5.6, we deduce that the relative cotangent complex Lp,p(y) is almost perfect. Moreover, Propo-

sition 7.33 ensures that Lp/p(y) is (n+2)-connective. It follows that m, 2L g/ p(n) is a compact module over

moB. Using [HA, Theorem 7.4.3.12] and the isomorphism 7y B(n) — moB, we deduce that the canonical map
7Tn+1ﬁb(fn) — 7rn+2LB/B(n)

is an isomorphism. Choose a compact projective B(n)-module M and a map M[n + 1] — fib(f,) such that
the composition
oM =~ 7rn+1M[n + 1} — 7Tn+1ﬁb(f) ~ '/Tn+2LB/B(n)

is epimorphic. By construction, we have a commutative diagram of B(n)-modules

Adjoint to this, we obtain a diagram in CAlg(Ax>0)4,-



We now define B(n + 1) to be the pushout

B(’I’L) ®Sym* Mn+1] B(”)v

B(n)

and fr41: B(n+ 1) — B to be the induced map. It is clear that B(n + 1) is locally of finite presentation
over B(n), and therefore locally of finite presentation over A (Remark 5.14). To complete the proof of (2),
it will suffice to show that the fiber of f,, 11 is (n + 2)-connective.

By construction, we have a commutative diagram

moB(n+ 1)

’

WoB(n) ¢ moB

where the map ¢’ is epimorphic and e is isomorphic. It follows that ¢’ and € are also isomorphic. In view
of Corollary 7.34, it will now suffice to show Lp,pn+1) is (n + 3)-connective. We have a fiber sequence of
B-modules

LB(mt1)/B(n) @®Bn+1) B = Lp/Bn) = LB/B(n+1)
Using [HA, Proposition 7.4.3.14] and Proposition 7.7, we conclude that L, 1)/ 5(n) is canonically equivalent
to M[n + 2] ®g(n) B(n + 1). We may therefore rewrite our fiber sequence as

M[n+2} ®B(n) B — LB/B(n) — LB/B(nJrl).

The inductive hypothesis and Corollary 7.34 guarantee that Lg,py) is (n + 2)-connective. The (n + 3)-
connectiveness of Lp/p(n41) is therefore equivalent to the surjectivity of the map

oM ~ Tn42 (M[n + 2] ®B(n) B) — 7Tn+2LB/B(n)
which is evident from our construction. This completes the proof of (2).

To complete the proof of (1), we use the same strategy but make a more careful choice of M. Let us assume
that Lp, 4 is perfect. It follows from the above construction that each cotangent complex L, p(y) is likewise
perfect. Using Proposition 5.11, we may assume Lp,p(—1) is of Tor-amplitude < k + 2 for some k& > 0.
Moreover, for each n > 0 we have a fiber sequence of B-modules
Lg/B(n-1) = Lp/B(n) = PN+ 2] ®@pm) B,

where P is compact projective by our construction, and therefore of Tor-amplitude < 0. Using Proposi-
tion 5.11 and induction on n, we deduce that the Tor-amplitude of Lp/p,) is < k+ 2 for n < k. In
particular, the B-module M = L /B(k)[—k —2] is connective and has Tor-amplitude < 0. It follows from Re-
mark 5.10 that M is a flat B-module. Invoking Proposition 5.8, we conclude that M is a compact projective
B-module. Using Proposition 4.8, we can choose a compact projective B(k)-module M and an equivalance
Mk + 2 ®pk) B =~ Lp/pk)- Using this map in the construction outlined above, we guarantee that the
relative cotangent complex Lp/p(r+1) vanishes. It follows from Corollary 7.4.3.4 (which also works in our

general setting) that the map fr11 : B(k+1) — B is an equivalence, so that B is locally of finite presentation
as an E..-algebra over A, as desired. O

Corollary 7.37. Suppose that A is Grothendieck and that A‘§0 is projectively rigid. Let f : A — B €
CAlg(Aso). Then f is étale if and only if T<nf : T<nA — T<n B is étale for every n > 0.

Proof. Tt follows immediately by combining Proposition 7.35 and Proposition 7.36.

Proposition 7.38. Given a diagram in CAlg(A).

A
AN
B—9%9 LC
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(1) If f are étale, then g étale if and only if h is étale 77

(2) Suppose that A is Grothendieck and Ago is projectively rigid. If g is étale and faithfully flat and h is
étale, then f is étale.??

Proof.

(1) The “only if” direction follows from Proposition 3.23(1), Remark 5.14 and Proposition 7.6. For the “if”
direction 77

(2) By Proposition 3.23 and Lemma 7.15 it suffices to show that f is finitely presented. 77 O

Now we can give the proof of our étale rigidity. Our proof is parallel with the proof of [DAGIV, Theorem
3.4.1].
Proof of Theorem 7.24:
(1) First, using Proposition 3.20(3), we may reduce to the case where A is connective. For each 0 < n < oo,
let €, denote the full subcategory of Fun(A', CAlg(A>¢)) spanned by those morphisms f : B — B’ such
that B and B’ are connective and n-truncated, and let €f5X-¢* denote the full subcategory of €, spanned
by those morphisms which are also flat and L-étale. Using the left completeness, we deduce that Co, is the
homotopy inverse limit of the tower

—>GQTS—1>€'1 TS—0>€0

Using Proposition 7.35, we deduce that G&*L'et is the homotopy inverse limit of the restricted tower
o egl,L—et N G{Z,L—et - egl,L—et
Choose a Postnikov tower
A= . =2 T<xA =27 A = T<0A
For 0 < n < oo, let D, denote the fiber product /""" xcaiga.,) {T<nA}, so that we can identify
D,, with the full subcategory CAlg(AZO)ﬂ’L'Et C CAlg(Aso)

TSnA/
f:7<nA — B. It follows from Proposition 7.35 that D, is the homotopy inverse limit of the tower

7,4/ spanned by the flat L-étale morphisms
...—>@29—1>@19—0>DO

We wish to prove that the truncation functor induces an equivalence D,, — Dgy. For this, it will suffice to
show that each of the functors g; is an equivalence. Consequently, it follows from Proposition 7.32.

(2) The proof is totally parallel with (1) by replacing “flat L-étale” with “étale” and replacing “by Proposi-
tion 7.35 7 with “by Corollary 7.37 .

]

8 Algebraic ttt-oo-categories and algebraic transformations

8.1 The universal example

Definition 8.1. We say a ttt-oo-category (B®, B>() is algebraic if B is Grothendieck and Bgo is projectively
rigid. We denote a right t-exact colimit-preserving symmetric monoidal functor (B®,B>q) — (€%, €x0)
between algebraic ttt-oo-categories by an algebraic transformation.

Definition 8.2. Let V € CAlg(Pr%) and CAIg%g’at denote the full subcategory of CAlg(Pr%) spanned by
rigid and atomically generated commutative V-algebras.

Remark 8.3. By Corollary 1.13, a ttt-oo-category (B®,B>o) can be recovered from the Spxg-atomically
generated rigid commutative algebra 3§0~ So there is an equivalence from the oo-category of algebraic

ttt-oo-categories _
CAlg™®(Priye") = CAlggt™

given by (B®, Bxg) — B?o- And the inverse is given by C® — (Sp(€)®, Sp(€)>o), see Corollary 1.13.
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Remark 8.4. In fact, the CAIgﬁégat is presentable for any V € CAlg(Prl). To see that, firstly we have that
CAlg®™ = CAlg® X prapi Praf is accessible by combining [Ram?24a, Corollary 3.15] and [Ram24b, Corollary

5.13, 5.14|. Then the presentability follows from that CAlg]{;g’at admits small colimits, which is obtained by

observing the inclusion CAlgﬁ;g’at C CAlgy is closed under small colimits.

Alternatively, we will give a more straightforward proof of the presentability of CAlggg’aLt in the case V® =

Sp‘i’07 and even further give a compact generator which is linked to cobordism hypothesis. Before that, let
us introduce a lemma, which we learned from German Stefanich.

Lemma 8.5. Let Cat(fo’ad denote the co-category of small additive co-categories with finite product preserving
functors. Then the core functor (=)~ : Catcfo,ad — 8 is conservative.

Proof. O

Remark 8.6. Note that the additive condition in the above lemma can not be weakened to the semi-additive,

otherwise the endmorphism (/) is not necessarily an automorphism.

Definition 8.7. We say a symmetric monoidal co-category is small rigid if it is small and every object in it
is dualizable.

Proposition 8.8. We have a natural equivalence

00,ad

CAlggg:; = CAlghs(Catidem))

given by C® s (CPTIE yhere CAlgrig(Catidem ) denotes the full subcategory of CAIg(Catidem ) spanned by

oo,ad oco,ad
small rigid tdempotent-complete additively symmetric monoidal oo-categories.

Proof. O

Now let us recall the (1-dimensional) cobordism hypothesis, which was originally formulated in [BD95] and
was proved by Hopkins—Lurie in [Lur08].

Theorem 8.9 (|[Lur08] Cobordism hypothesis of dimension 1). Let Cob{ denote the oriented 1-dimensional
cobordism (00, 1)-category with the symmetric monoidal structure given by disjoint union. Then Cob(i9 18
small rigid and satisfies the following universal property:
Let € be a symmetric monoidal (00, 1)-category. Then the evaluation functor Z — Z(x) induces an equiva-
lence of oco-categories

Fun®(Coby, @) — (€)=

where Fun® denotes the co-category of symmetric monoidal functors.

Remark 8.10. Note that the 1-dimensional oriented and framed cobordism oo-categories are equivalent
Cob; ~ Bord!" [see Lur08, §4.2], but that does not hold in higher dimensional cases.

Now let us prove the main theorem of this section.

Theorem 8.11 (Universal example). The CAlggg’:; s compactly generated by a single element
Fun(Cob|”, Sps()® € CAlggI%’;:
where the symmetric monoidal structure on Fun(Cobj?, Spsg) is given by Day convolution.

Proof. O
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Proposition 8.12. Let J® be a small rigid symmetric monoidal co-category which admits finite coproducts
and whose tensor product is compatible with finite coproducts. Then the natural symmetric monoidal functor

Fun(9%, Sp2)® 55 Fun* (99, Spo.o)® ~ Py ()%

induced by the universal property of Yoneda embedding is a smashing localization, that is, there exists an
idempotent commutative algebra R € CAlg(Fun(J°P,Spsq)) such that L(—) ~ R® ().

Proof. By Lemma 4.27, it only suffices to show that the inclusion
Fun™ (J°P, Sp>o) C Fun(J°P, Sps)

is closed under small colimits. That is obvious because both sides are additive and the inclusion is closed
under finite products and sifted colimits. O

8.2 Algebraic transformations

Proposition 8.13. Let F : (B®,B>q) — (C®,C>q) be an algebraic transformation between algebraic ttt-oo-
categories, and let R € Alg(B>o). Then the functor LModg(B>o) — LModp(g)(C>0) preserves

1) compact projectives;

2) compacts;

(1)

(2)

(3) projectives;
(4) flats;

(5)

5) almost perfects.

Proof. O

Proposition 8.14. Let F : (B®,B>g) — (€%, C>0) be an algebraic transformation between algebraic ttt-oo-
categories, and let R € CAlg(Bxo). Then the functor CAlg(B>o)r; — CAlg(C>0)r(r), preserves

1) finitely presented;

2) almost finitely presented;

(1)

(2)

(3) flats;
(4) L-étale;
()

5) oo-epimorphisms.

8.3 Synthetic objects

Throughout Section 8.3 we assume that the ttt-oo-category (A%, A>) is algebraic.

Definition 8.15. Let AP C A denotes the smallest full subcategory that contains all compact projectives
and is closed under finite direct sums, shifts and retractions. We call an object in AfP a graded finitely

projective. We define Syn(A) = Px(ASP;Sp) as the stable oo-category of synthetic objects in A. It admits
a natural t-structure given by Syn(A)sq = Px(A/P).
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Proposition 8.16. The A/P C A is closed under tensor products and inherits a small rigid additively
symmetric monoidal co-category. Hence Ps(AIP) is Grothendieck prestable and inherits a projectively rigid
symmetric monoidal structure.

We let (Syn(A)®, Syn(A)s>o) denote the associated algebraic ttt-oo-category of Ps(AP)®.

Proposition 8.17. There exists a morphism in CAlggg’at :

Syn(A)® — A®
which is a symmetric monoidal localization.

Remark 8.18. Beware that this is not an algebraic transformation.

8.4 Examples

Definition 8.19. Let Z® be the symmetric monoidal discrete category given by addition law. We define
the symmetric monoidal co-category of graded spectra as Fun(Z, Sp)®.

Example 8.20. Examples of algebraic ttt-oo-categories.

(1) The Fun(J°P,Sp)®, where J® is a small rigid symmetric monoidal oo-category, like
the Fil(Sp)® = Fun(Z, Sp)® the co-category of filtered spectra;
the Gr(Sp)® = Fun(Z%*¢,Sp)® the oco-category of graded spectra .

(2) the Sp(Px(J))®, where J® is a small rigid finite-coproduct cocompletely symmetric monoidal oo-
category, like Sp& = Sp(Px(Fing))® the genuine G-spectra over a finite group G.
As Proposition 8.8 indicates, actually every algebraic ttt-oo-category comes from this way.

(3) Universal example in CAlggi;gZ’Zt : the 1-dim cobordism Fun(Cobi®, Sp)®

(4) The Shyx(€)® where C is an excellent co-site, see [Pst23]. For example the synthetic spectra Syn’s??

(need certain conditions on F)
The oo-category Shv (X, Sp)® of sheaves on a stone space??
The co-category Shv(X, Sp)® of sheaves on an oo-topos of locally homotopy dim=077?

(5)
(6)
(7) The oo-category SH(k)gaT of connective Artin-Tate motivic spectra over a perfect field k, see [BHS20].
(8) Cyclotomic spectra and Cartier modules [AN21]7?

(9)

[HP23][HP24], equivariant [Barl7], motivic [Bac+22] [BHS20], Beilinson t, Ban, condensed, Liquid,
[Lurl5]

(10) Qcoh(X)>o, where X is an affine quotient stack, i.e. a stack of the form Spec(R)/G for a linearly
reductive group G acting on Spec(R), this works: the compact projective objects are generated under
taking retracts by pullbacks of G-representations and the dual is given by the pullback of the dual in
this case.

(11) Voevodsky’s category DM(k, Z[1/p]) (where p is characteristic of k or 1 if k is a Q-algebra), then there
is a Chow t-structure on it, generated by smooth projective varieties and their P'-desuspensions. The
mapping spectra between smooth projective varieties are connective, so they are compact projective
generators, and they are also dualizable within the retract closed-subcategory generated by it.

Example 8.21. projectively generated but not projectively rigid

(1) The Cond(Sp)® = Sp(Px(Stonean))®???
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(2)
3)

The Solid(Sp)® 7?7

The Fun(X, Sp)® the oo-category of parametrized spectra on a small (?7) oco-groupoid X, with point-
wise tensor product;

Example 8.22. Non-examples of projective generation:

(1)

(2)

Let X be a projective variety over a field k with dim(X) > 0, then the only projective object in the
category QCoh(X)Y of (discrete) quasi-coherent O x-modules is the zero object, see Projectives in
the category of quasi coherent sheaves Qch(X). That implies QCoh(X)>¢ is not projectively
generated.

The profinite equivariant Sp%??

9 Applications and questions

9.1

Questions

The following questions are what we did not figure out.

uestion 9.1. Assume that A is Grothendieck and that A%, is projectively rigid.
>0 g

(1)

(2)

If f: A— B e CAlg(A>o) is finite presented and L-étale, then f is flat? i.e. Is the flatness in the
definition of “étale” removable?

Given a diagram in CAlg(A>o)
A

RN

B——C

If f,h are étale, then so is g7 (This is true if (1) holds.)

If g is étale and faithfully flat, then f is étale if and only if h is étale?

If g is étale, then there exists a finitely presented commutative A-algebra By and an étale map By — Cjy
such that C ~ Cy ®p, A?

If M is a flat left R-module, then M is faithfully flat implies that the tensor product functor (—) ® g M
is conservative. Does The converse hold??(probably wrong)

If A is 77, then flat is equivalent to that for any n € Z, we have 7, (R) ®,r ToM — 7, M is a natural
equivalence. (A sufficient condition is that for any compact projective left R-module P we have that
P, is a projective left P.-module).

The P, is projective as an object in Modg, (Gr*™*(A%))? where P € Mod(A>q)P"%.
The o Sym™(P) is projective?(wrong! considering dirac) where P € AJy °F

Let f: A— B € CAlg(A) be a flat morphism in the sense of Definition 3.18. Then f is L-étale if and
only if 7>0f : 7>0A — 7>0B is L-étale? (seems wrong, considering ku — KU).

Question 9.2. Assume that A is Grothendieck and hypercomplete.

(1)

Given a pushout diagram in CAlg(A>q).

A—2s A
lf(/) lfo
B—— B


https://mathoverflow.net/questions/289603/projectives-in-the-category-of-quasi-coherent-sheaves-qchx
https://mathoverflow.net/questions/289603/projectives-in-the-category-of-quasi-coherent-sheaves-qchx

If f} is L-étale and flat, then f} is almost of finite presentation if and only if fy is almost of finite
presentation?

(2) Let A — A be a nilpotent thickening in CAlg(Asq). Then the tensor product functor restricting on
bounded below modules
Mod 4 (A)~ — Moda(A)~.

reflects compacts?
Question 9.3. Let A® be a symmetric monoidal Grothendieck abelian category and f : A — B € CAlg(A).

(1) If Coker(f) is a flat A-module, then f is faithfully flat? (related with existence of monoidal prestable
enhancement of A®)

A Duality

A.1 Dualizable objects

We recollect some basic properties of dualizable objects in monoidal co-categories. Throughout Appendix A.1,

we fix a symmetric monoidal co-category €® — Comm®.

Definition A.1. We say an object X € € is dualizable if there exists an object XV and a pair of morphisms
c:l-X®XY e XVeX -1

where 1 denotes the unit object of €. These morphisms are required to satisfy the following conditions: The

composite maps

X O x o xV e x M9 x

XV 8 XV e X @ xY L2, xV
are homotopic to the identity on X and XV, respectively.

Definition A.2. We say an object X € C is cotensorable if the tensor product functor (=) ® X : € — C
admits a right adjoint. If so, we denote this right adjoint by Map @(X ,—).

Remark A.3. If C® is a presentably symmetric monoidal co-category, then any object in it is cotensorable.
Proposition A.4. Let X € C be an object. Then X is dualizable if and only if X is cotensorable and for
any Y € C, the natural map Map,(X,1) ® Y — Map(X,Y') is an equivalence in C.

Proof. Assume that X is dualizable. Then X is cotensorable since we have Map (X, —) ~ X" ® (-).
Particularly, Mape(X, 1) ~ XV. Now let Y € €. We wish to show that the composite map

¢ : Mape (—,Y @ X¥) — Mape (—® X, Y ® XV ® X) 5 Mape(— ® X,Y)
is a homotopy equivalence. Let 1 denote the composition
Mape(— ® X,Y) — Mape (- @ X @ XV, Y ® X¥) 5 Mape (—, Y @ XV).

Using the compatibility of e and ¢, we deduce that ¢ and v are homotopy inverses to one another. By the
Yoneda lemma, ¢ can be identified with the map Mape(X, 1Y — Mape(X, Y).

Assume that X is cotensorable and that for any Y € C, the natural map
Mape(X, HeY — Mape(X, Y)

is an equivalence in €. Particularly, we have an equivalence Map e(X ,1) ® X = Map e(X ,X). Let c: 1 —
Mape(X, 1) ® X be the inverse image of the identity map id : Mape(X,X) — Mapc(X7X). Then it is
straightforward to check that the counit e : Map,(X,1) ® X — 1 and ¢ : 1 — Map,(X,1) ® X form a
duality datum. O
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Proposition A.5. Let C? C @ be the full subcategory consisting of dualizable objects. Then the profunctor
€4 x €1 — § given by Mape (1, — ® —) is a balanced profunctor (see [Ker, 03MM)]), which induces a natural
equivalence of co-categories (—)Y =: Map,(—,1) : (ChHor =y @4, Purthermore, (—)VV =~ Idea is equivalent
to the identity functor.

Proof. Tt suffices to observe that if ¢c: 1 — X ® Y is part of a duality datum for X, then it is also part of a
duality datum for Y. O

Remark A.6. In fact, this perfect pairing can be enhanced to a symmetric monoidal perfect pairing and
hence induces an equivalence of symmetric monoidal co-categories (—)" =: Map,(—,1) : (€F)® = (eh)®
see [ECI, Proposition 3.2.4].

Proposition A.7. The full subcategory C¢ C @ is closed under tensor product, hence it forms a symmetric
monoidal full subcategory.

Proof. Let X, Y € C%. Choosing c =cy ®cy : 12101 = (XXV)@ (YY)~ (XeY)a(YVeXY),
we see that c exhibits YV ® XV asadual of X @Y. O

Definition A.8. Let % C € be the full subcategory consisting of cotensorable objects. We define the
functor
Map,,(—, —) : (C")°P x @ — Fun’(C°P,8) ~ €

given by (X,Y) — Mape(— ® X,Y), where Fun'(C°P,§) ~ € denotes the full subcategory of representable

functors.

Lemma A.9. Let K be a collection of simplicial sets. If C is K-cocomplete and the monoidal structure on it
is compatible with K -colimits for any K € X (meaning the — ® — preserves K -colimits separately), then for
any K € K, the full subcategory C° C C is closed under K-colimits and for any diagram Xy K— Geot,
the natural map LiilaEK Mape(Xa, —) ~ Mape(ligaeK Xa, —) is an equivalence in Fun(C, C).

Proof. Consider the following diagram:

(Gcot)op @op X—(-)®X

XesMap (X,—) ey \ \[

Fun(€, @) < Fun(C° x C,8)

)P

where iy, is given by F — Mape(F(—),—) and ig is given by G — Mape(—,G(—)). An object X € C is
cotensorable if and only if ¢(X) lies in the image of ig. Now given a diagram K € X, it suffices to observe
that:

(i) (€« = ¢~ (Im(ig)).

(i) ¢ preserves K°P-limits and the inclusion ip is closed under K°P-limits.

Proposition A.10.

(1) If C® is pointedly symmetric monoidal (meaning that € is pointed and the tensor product of the zero
object with any object is zero), then the zero object * is dualizable.

(2) If C is idempotent complete, then C% C C is closed under retractions.

(3) If C® is semiadditively symmetric monoidal, then C% C € is closed under finite coproducts and hence
forms a full semiadditive subcategory.
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(4) If C% is stably symmetric monoidal, then C? C € is closed under finite colimits and finite limits and
hence forms a full stable subcategory.

Proof. Applying Proposition A.4 and Lemma A.9 to X = {@}, {N(Idem)}, {finite discrete diagrams}, {finite diagrams}
respectively, we proved (1), (2), (3) and the "closed under finite colimits" part of (4). For the "closed under

finite limits" part of (4), it suffices to show that €? C € is closed under desuspension. This follows from
Y71X = (XX)V for a dualizable object X € €. O

A.2 Duality of Bimodules

Throughout Appendix A.2, we fix a monoidal co-category C® — Ass® which admits geometric realizations
of simplicial objects and such that the tensor product ® : € x € — C preserves geometric realizations of
simplicial objects.

Definition A.11. Let X € 4BModp(C) and Y € pBMods(€). Let ¢ : B - Y ®4 X be a map in
g BModp(€). We say ¢ exhibits X as the right dual of Y, or ¢ exhibits Y as the left dual of X, if there
exists amap e: X @Y — A in 4 BMod 4(€) such that
id®c e®id
X>2X®B— XY 40X — AR, X~ X
YVoeBepY L ye, Xy ¥ yve, A~y

are homotopic to idx and idy, respectively.

Proposition A.12 (See [HA] 4.6.2.18). Let A € Alg(C), let X € LMod4(C), let Y € RMod(C), and let
c:1=>Y ®4X beamap in C. Then the following are equivalent:

(1) The map ¢: 1 =Y ®@4 X exhibits Y as a left dual of X.

(2) For each C € C and each M € RMod 4(C), the composite map
Mapgratod, (e)(C ® Y, M) = Mape (C ®Y ®4 X, M ©4 X) = Mape (C, M ©4 X)

is a homotopy equivalence.

(3) For each C € C and each N € LMod 4 (@), the composite map
Mapy tod 4 () (X ® C,N) — Mape (Y ©4 X © C,Y @4 N) = Mape (C,Y ©4 N)

is a homotopy equivalence.

Corollary A.13. Let A € Alg(C). Let LMod (€)' € LMod (@) denote the full subcategory of left dualizable
left A-modules, and let RMod 4(€)™ C RMod(C) denote the full subcategory of right dualizable right A-
modules. Then the profunctor RMod (€)@ x LMod4(€)!¢ — § given by Mape (1, — ®4 —) is a balanced
profunctor (see [Ker, 03MM]), which induces a natural equivalence of co-categories

V(=) : LModA(€)" = (RMod (€)™ : (—).
Proof. Tt suffices to observe that c: 1 — Y ® 4 X exhibits Y as a left dual of X if and only if it exhibits X

as a right dual of Y. O

Corollary A.14. Suppose that C® is a cocompletely symmetric monoidal (potentially large) oo-category,
i.e., C admits small colimits and the tensor product ® : € x € — C preserves small colimits separately. Let
A € Alg(C), let X € LMod4(C), let Y € RMod4(C), andletc:1 =Y ®4X be a map in C. If C is generated
by dualizable objects under small colimits, then the following are equivalent:
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(1) Themapc:1 =Y @4 X in C exhibits Y as a left dual of X.

(2) The functor
Mape (1,Y ®4 —) : LMod4(€C) — 8

is corepresented by X with the elementc:1 —Y ®4 X.

(3) The functor
Mape (1,— ®4 X) : RMod4(€) — 8

is corepresented by Y with the elementc:1 —-Y Q@4 X.

(Note that we use the notation S above because C is not necessarily small here.)

B Ind(Pro)-completion of large co-categories

We fix three uncountable strongly inaccessible cardinals dy < §; < d2. A set S is then defined as small
if S € U(dy), large if S € U(d1), and very large if S € U(d2), where U(J;) denotes the corresponding
Grothendieck universe.

Definition B.1. Let (/Ja\too denote the very large oco-category of large oco-categories.

—XK
Theorem B.2 (See [HTT] 5.3.6.10). Let X C X' be §1-small collections of simplicial sets. Let Cat., denote
the subcategory spanned by those oco-categories which admit K-indexed colimits and those functors which

— K
preserve K-indexed colimits, and let Cat, be defined likewise. Then the inclusion

— K’ —XK

Cat,, C Cat,,
admits a left adjoint given by C — T%/((‘f).
Proposition B.3 (See [HP24] A.2). Let C be a coaccessible co-category (i.e. the C°P is accessible). For a
functor X : C°P — §, the following conditions are equivalent:

(1) The functor X : C°P — § is accessible.

(2) The functor X : C°P — § is the left Kan extension of a functor Y : (C.)® — § along the canonical
inclusion i : (C,)°" — C°P for some small reqular cardinal k, where C,, C € denotes the full subcategory
of k-cocompact objects.

(3) The functor X : C°P — § is a colimit in Fun (C°P,8) of a small diagram of representable functors.

Corollary B.4 (See [HP24] A.4). Let C be a coaccessible co-category. Then the Yoneda embedding
C — Fun®(C°P, §)
exhibits Fun®®(€°P,8) ~ Pemall(€), where Fun®*(C°P, 8) denote the full subcategory of accessible functors.

Proposition B.5 (See [[IP24] A.9). Let C be a coaccessible co-category. The co-category P°(C) of accessible
presheaves of anima on C admits all small limits and colimits, and both are calculated pointwise.

Proposition B.6. Let C be a copresentable co-category and k be a small regular cardinal. Then the Yoneda
embedding
C — Fun’®, . (C°P 8)

K -lex

exhibits Funl®,., (C°P,8) ~ Pmallx-fil(€) — Ind,.(C).

K -lex
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Proof. First we observe that Ind,(€) = Fun’,. (CP,8) C Funn_leX(GOP,g) = ﬂl\dn(ﬁf) is closed under small
k-filtered colimits. We claim that any object in Funf®, . (€°P,8) can be written as the retraction of a small

k-filtered colimit of representable functors. Then the result immediately follows.

Now let F' € Fun?’, . (C°?,8). Since F € ﬂl\dn(e), it can be written as a large k-filtered colimit of repre-
sentable functors F' ~ liﬂi€ s hx,. For each small x-filtered full subcategory I’ C I, let F denote the colimit
lim . hx,. Then by [Ker, 0620] , the F' can be written as a large dp-filtered colimit of the diagram {Fp },
where I’ ranges over all small x-filtered full subcategory of I. However, by Proposition B.3 the F is largely

dp-compact in ﬂﬁn(e), so F' is a retraction of some FJ/. O

Proposition B.7. Let C be a copresentable co-category and k be a small regular cardinal. Then Ind,(C) ~
fpsmall (e)

Kk -small

Proof. By the construction in [HTT, Corollary 5.3.6.10], it is equivalent to prove that Ind,(C) C ﬂlﬁ,{(@)
is the smallest full subcategory which contains representables and closed under small colimits, i.e. to prove
Ind,(€) = Ind,(€)%. Since the representables generates Ind,(€) under large colimits, it suffices to show

that Ind,(C) C ﬂl\dﬁ(e)éo and Ind,(C) is idempotent complete. Those are implied by Proposition B.3 and
Proposition B.5. O

—— K-l
Definition B.8. Let Cat:O “ denote the subcategory spanned by those co-categories which admit finite
limits and those functors which preserve k-small limits, where k < §; is a large regular cardinal.

Proposition B.9. Let kK < X\ < §; be two large regular cardinals. Then there exists an adjoint pair

Pro}

—— kK -lex r ——MA-lex

Cat,, &= Caty

by the dual version of [HTT, Corollary 5.3.6.10].
Remark B.10. We have the identification Pro}(€) ~ Ind}(C°P)°P,

Proposition B.11. The above adjunction can be promoted to a symmetric monoidal adjunction

A
ki -lex,® Pf}m ———X-lex,®

Cat, = Cat,

by the dual version of [HA, Proposition 4.8.1.3].

Remark B.12 (Dual of [HA] 4.8.1.9). The CAlg(é\atoo) can be identified with the very large co-category
of large symmetric monoidal oco-categories.

Unwinding the definitions, we see that CAlg(éa\tglcx) can be identified with the subcategory of CAlg(@cm)
spanned by the symmetric monoidal co-categories which are compatible with k-small limits (meaning the
tensor product — ® — preserves k-small limits separately), and those symmetric monoidal functors which
preserve k-small limits.

Corollary B.13 (Dual version of [HA| 4.8.1.10). Let k < A < 81 be two large regular cardinals. By the
following adjunction,

—X-lex

——r-lex PrOQ
CAlg(Car. ™) = CAlg(Cat )

we see that for any large symmetric monoidal co-category C€ that the monoidal structure on C is compatible
with k-small limits, there exists a A\-completely large symmetric monoidal co-category D€ and a symmetric
monoidal functor €% — D€ with the following properties:

1
2
3
4

The symmetric monoidal structure on D® is compatible with \-small limits.
The underlying functor f : € — D preserves k-small limits.

(1)
(2)
(3) The f induces an identification D ~ Proi(@), and 1s therefore fully faithful.
(4)

The D is universal among those satisfying (1)-(3).
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C Ambidextrous subcategories

Definition C.1. Let i : € — D be a fully faithful functor of co-categories. We say € is an ambidextrous
subcategory of D if i admits both left and right adjoints L, R and the composition R(X) — X — L(X) for
X € D induces an natural equivalence R(—) ~ L(—) in Fun(D, C).
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